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Abstract
Volumetric imaging is an inverse problem that seeks to retrieve a threedimensional (3D) density distribution from projections. This is done by fitting
an image-formation model, or a synthetically rendered image, to acquired
images. X-ray Computed Tomography (CT), for example, is a well-established
volumetric imaging approach that is widely used for medical imaging and
other applications. In this type of imaging scenario, the medium is fixed
and the radiation source is controlled, resulting in a linear image formation
model. We develop several generalizations to the linear CT that enable
taking volumetric imaging out of the lab to image the natural environment.
Our approach is computational photography with complex image formation
models, which due to increased computing power and algorithmic advances,
can be inverted. We consider imaging scenarios where the lights source is
uncontrolled, the medium is not fixed and the projections are non-linear.
Non-linear projections and an uncontrolled light source arise from the
task of recovering the 3D volumetric scatterer distribution of the atmosphere.
Atmospheric scatterers, such as clouds and aerosols, play a crucial role in
the earth’s radiation balance impacting all life on earth. We develop novel
algorithmic approaches to sense them as they are, in 3D. We exploit light
that undergoes multiple-scattering interactions by fitting multi-view multispectral intensity and polarization measurements to a radiative transfer
image formation model. We hypothesize that our inverse-scattering approach
can be applicable outside of atmospheric science to a wide variety of fields
including computer vision, graphics, and medical imaging.
We further look into the ocean, to in-situ imaging of plankton. Here, we
develop an approach for self-calibrating volumetric imaging of transparent
objects. This enables the extraction of statistics that are important for the
scientific study of specimen populations, specifically size-distribution. We
1

generalize tomographic recovery to account for all degrees of freedom of a
similarity transform and make the computational load manageable to reach
good quality reconstructions in a reasonable time.

2
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Chapter 1

Introduction
The Earth’s biosphere is a complicated interconnected web with many feedback mechanisms (Fig. 1.1). Earth climate, for instance, has a vital effect
on life which in turn impact the Climate. Understanding, modeling and
predicting climate is a key issue with worldwide socioeconomic implications
which is in the center of many research studies. Many of these studies
rely heavily on statistical analysis of remote-sensing and in-situ retrievals
of the state of the echo-system. In this thesis we develop novel approaches
for 3D volumetric sensing. We draw inspiration from medical imaging and
develop novel computational approaches to imaging of atmospheric scatterers and in-situ microscopy of plankton populations. Building on increased
computational power, we develop imaging approaches that break free of the
typical paradigms developed in each field, with the prospects of advancing
the understanding of the natural processes involved.
In chapters 3 and 4, we consider the task of 3D volumetric remote
sensing of clouds. Clouds have significant impact at global scale on the
Earth’s energy balance through albedo as well as on water transport [15].
Therefore, uncertainties in global climate models are significantly affected
by our limited knowledge about cloud internal composition. Our work
deals with the computational recovery of this internal composition. Passive
measurements of scattered solar radiation interact with cloud droplets within
the volume, before reaching the sensor, giving us insight into the cloud’s
”inner workings”.
Current operational remote sensing of Earth’s atmosphere does not yield
three-dimensional (3D) volumetric mapping. Rather, remote sensing method7

Figure 1.1: Phytoplankton bloom in the Atlantic Ocean north of Iceland.
Image taken with NASA’s Moderate Resolution Imaging Spectroradiometer
(MODIS) on August 2, 2014 [102]
ology largely assumes plane-parallel atmospheric geometry, with horizontally
uniform properties (Fig. 1.2). This crude geometry limits recovery to simple
parameters [70, 71]. Moreover, this approximation of cloud structure causes
biases of the retrieved parameters in most cases [18]. The 1D layered model,
assumed in current remote-sensing, supports a retrieval approach which
processes each pixel independently. In contrast, inspired by medical imaging
tomography, we formulate a 3D volumetric inverse problem. We utilize
multiple pixels and views to solve a data-fitting minimization and retrieve
3D volumetric cloud properties
Medical imaging CT takes into account multiple-views to yield a 3D
volumetric reconstruction. The small scale and controlled radiation source
enable acquisition of direct transmission measurements (Fig. 1.3). Thus, the
image formation model which is an exponential decay of the source, is linear
with the optical densities (when taking a logarithm of the measurements).
In this inverse problem formulation, the projection directions are known
and there is no scale uncertainty. Our work generalizes this tomography
model to jointly estimate unknown scale and orientations, thus, formulating
a geometric self-calibrating recovery.
In computer-vision dehazing [29], a commonly used model is of a homogeneous medium with single scattering approximation (Fig. 1.4). The
single-scattering assumption dictates no more than a single change of light
8

Figure 1.2: Operational remote-sensing assumes a 1D model of infinite homogeneous layers. Each pixel retrieval is preformed independently, resulting
in retrieval biases due to 3D effects.
propagation direction before reaching the detector. Moreover, in the task
of dehazing the medium is a nuisance and its effects are countered or removed. Contrary, we formulate a scattering tomography problem that seeks
recovery of a 3D heterogeneous medium and accounts for arbitrary orders
of scattering. Previous work on 3D atmospheric tomography focused on
single-scattering approximation [3]. In this thesis we tackle a more general
problem: accounting for all orders of scattering to recover a spatially varying
medium.
In chapter 6 we look into a different type of cloud with global impact.
Plankton are aquatic organisms that drift with the currents. They form
the basic building block of the oceanic food chain [44] and consume carbon
dioxide on a scale equivalent to forests and other land plants through photosynthesis [61]. We develop a computational approach for volumetric imaging
and retrieval of size-distribution of plankton population. Our approach relies
on in-situ microscopic imaging, which has the advantage of imaging samples
in their natural environment.

1.1

Thesis Structure

Chapter 2 provides theoretical background and relevant related works that
strive to keep this thesis as self-contained as possible.
In chapter 3 the mathematical and computational ground-work for vol9

Figure 1.3: Medical CT measures direct transmission, thus an exponentially
decaying of the source intensity. This yields a linear tomography inverse
problem, when taking a logarithm of the measurements.

Figure 1.4: Dehazing [80] single-scattering model assumes no more than a
single change of light propagation direction before reaching the sensor.
umetric imaging of scattering media is laid. A previously, seemingly intractable problem, is resolved and 3D recovery of cloud optical properties is
demonstrated.
In chapter 4 the image formation model is extended to recover the 3D
micro-physical properties of clouds utilizing multi-view multi-spectral data.
Whereas optical properties of scattering media are a good proxy at times,
the underlying microphysical properties are the crux, scientifically, directly
relating to physical, chemical and even biological processes in the medium.
Chapter 5 describes a novel, unpublished work, that builds upon the
vector properties of light radiation. Solar electro-magnetic radiation reflected
10

from water droplets and aerosol particles gets polarized. The polarization
state of the measured radiation contains vital information on the particle
size-distribution which we seek to recover.
In chapter 6 we formulate the problem of statistical recovery of random
samples with unknown size shape and orientation. Drawing inspiration
from and generalizing the mathematical model of Cryo-EM to account for
a similarity transform, we demonstrate our approach for in-situ imaging of
marine plankton.
Finally, chapter 7 outlines a summary and offers future research directions.

11

Chapter 2

Theoretical Background
This thesis relies and takes advantage of several concepts and methods. This
chapter presents some theoretical background on these topics. It starts by
formulating the inverse problem of Computed Tomography (CT). Then, the
concept of Spherical Harmonics is introduced. Following, the basic physics
of light scattering and Radiative Transfer are presented. Subsequently, the
numerical method Spherical Harmonics Discrete Ordinates (SHDOM) for
the solution of the 3D RT is described. Lastly, the basics of polarization and
polarized light transport are presented.

2.1

Computed Tomography

Computed Tomography (CT) refers to reconstruction of a 3D volumetric
object from a set of projections. CT finds wide use in medical imaging [12]
(Fig. 2.1) but is also valuable in other scientific fields, such as geophysics [52],
material science [7], astrophysics. CT is based on an image formation model
that describes the physical process underlying the projected measurements.
Most image formation models assume either absorption or emission processes.
Other image formation models assume dominant diffusion by scattering [9].
Linear Tomography: Express the unknown density of a volumetric
medium using a vector β of size Nvox . Let y denote the projection measurements vector of size Npix . Linear tomography has a linear image formation
model, thus
y = Aβ.
(2.1)
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(a)

(b)

(c)

Figure 2.1: Medical CT: (a) A CT scanner [95]. (b) A single X-ray projection
of a human head [97]. (c) Cross-sections of a scanned human brain [96].

Figure 2.2: Linear projection matrix A construction for a voxelized medium.
Consider a simplified example of a 3×3 rectangular medium with a single
pixel measurement y as depicted in Fig. 2.2. Denote `v as the intersection of
the Line-Of-Sight (LOS) with voxel v. Thus, a linear projection model of
measurement y is
y=

N
vox
X
v=1

`v βv = [0, 0, `3 , 0, `5 , `6 , `7 , `8 , 0] β.
|
{z
}

(2.2)

A

Hence, A is an Npix ×Nvox typically sparse projection matrix defined by the
geometry of the problem. There are several different computational methods
for reconstructing the underlying medium from linear projections. Transform
algorithms are based on the Fourier and Radon transforms. Both relate y
(or its Fourier transform) to β (or its Fourier transform). Solving for the
medium involves calculating the inverse transform. These algorithms require
a large amount of projections to give reasonable results.
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Algebraic reconstruction methods are more suitable for situations where
the projections views are limited. These methods operate directly in the
spatial domain to reconstruct the discretized volumetric density β. The
simultaneous algebraic reconstruction technique (SART) [38] is a widely
used algebraic method. A tomographic reconstruction can be written as a
quadratic minimization with linear constraints
β̂ = arg minkAβ − yk2 ,
β

s.t

β ≥ 0,

(2.3)

Let convex constraint C express non-negativity of the solution β̂. In each
iteration t, a SART update takes the following form [38]


>
βt+1 ← PC βt + ζt A (y − Aβt ) .
(2.4)
Here, ζt is the step size of each iteration t and PC is the projection operator
onto C. Convergence of is guaranteed for 0 ≤ ζt ≤ 2.

Geometric Self-Calibrating Tomography: In Cryo-Electron Microscopy
(Cryo-EM) [90], multiple replicas of a molecule are frozen to cryogenic
temperatures and imaged with an electron microscope (Fig. 2.3). Each
sample freezes at a random unknown orientation with respect to the imaging
axis. The random orientations are defined by Nrot rotation matrices
R1 , ...RNrot

(2.5)

Thus the projection matrix (Eq. 2.1) is a function of the unknown rotations.
The computational task of Single Particle Reconstruction is to estimate the
random orientations of the molecules as part of the volume recovery process
β̂, R̂1 , ...R̂Nrot =

arg min
β,R1 ,...RNrot


A R1 , ...RNrot β − y

2

.

Eq. (2.6) is a form of geometric self-calibration for volumetric objects.
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(2.6)

Figure 2.3: A CryoEM image [98]. The low signal-to-noise ratio is due to the
low electron flux used in this type of imaging (high electron flux damages
the molecular structure).

2.2

Spherical Harmonics

Spherical Harmonics are a set of basis functions used to represent angular
functions on the surface of the sphere. The spherical harmonics functions are
the eigenfunctions of the the angular part of the Laplacian in 3D. The spherical harmonics series, an analogue to Fourier series on a sphere, finds wide use
in diverse fields that require an angular representation of phenomena. Radio
communication theory uses spherical harmonics to represent electromagnetic
radiation and model antenna transmission and reception [19]. Astrophysics
uses spherical harmonics to represent magnetic and gravitational fields of
planetary bodies [88] and cosmic microwave background radiation [87]. Computer graphics used spherical harmonics to represent indirect lighting and
modelling of 3D shapes [50, 69]. Atmospheric science use spherical harmonics
to solve the radiative transfer equation [27].
Consider a unit sphere, S2 , which is parameterized by a zenith angle θ
and azimuth angle φ (Fig. 2.4). Let
µ = cos θ ∈ [−1, 1].

(2.7)

The ordinary Legendre polynomials (Fig. 2.5) are
Pl (µ) =

1 dl 2
(µ − 1)l .
2l l! dxl
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(2.8)

Figure 2.4: Spherical coordinate system [101] parameterized by zenith angle
θ and azimuth angle φ. The zenith cosine is denoted by µ = cos θ.
Legendre polynomials
1

Pn (x)

0.5

0

-0.5

P₀(x)
P₁(x)
P₂(x)
P₃(x)
P₄(x)
P₅(x)

-1
-1

-0.5

0
x

0.5

1

Figure 2.5: Plot of the first six ordinary Legendre polynomials [99].
The associated Legendre polynomials [1] of degree l and order m are
Plm (µ) = (−1)m 1 − µ2
16

m/2 dm
Pl (µ).
dµm

(2.9)

0

0

Figure 2.6: Visualization of the the spherical harmonics real part. Red
represents negative values and blue represents positive values.

√

−1. The complex-values spherical harmonics functions are
s
(2l + 1)(l − m)! m
(2.10)
Yl,m (µ, φ) =
Pl (µ)eimφ − l ≤ m ≤ l.
4π(l + m)!

Denote i =

Analogously to Fourier analysis, spherical harmonics functions can be
ordered by their angular frequency (Fig. 2.6). The spherical harmonics basis
is complete and orthogonal [1]. A function f (µ, φ) defined on a sphere can
be represented by its spherical harmonics series expansion
f (µ, φ) =

∞ X
l
X

flm Yl,m (µ, φ).

(2.11)

l=0 m=−l

The coefficients flm are the analogue of the Fourier coefficients and are
obtained by an integral over solid angles

flm =

Z2π Z1

∗
f (µ, φ)Yl,m
(µ, φ)dµdφ.

(2.12)

0 −1

Here ()∗ is the complex conjugate. For practical implementation, the series
has a cut-off at some maximum degree lmax (Eq. 2.11).
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Figure 2.7: Two volume elements of spherical particles. While each has a
different n they both can yield the same β.

2.3

Radiative Transfer Primer

Throughout this thesis we assume three classes of particles: aerosol particles,
air molecules and water droplets. Unless explicitly stated, a particle can
denote any of these classes or even an effective mix of them.
Extinction: Each particle has an extinction cross section σ (units m2 ) for
interacting with irradiance. A volumetric medium includes many particles of
this type (Fig. 2.7). The denser the medium, the stronger is the extinction.
The density of the particles is n (units m−3 ). Per unit volume, the extinction
coefficient β (units m−1 ) is
β = σn.

(2.13)

The volume has infinitesimal length dx. Then, its extinction is expressed by
a unitless differential optical depth
dτ = βdx = σn dx.
The optical depth aggregates in extended propagation:
Z
Z
Z
τ = dτ = βdx = σn dx.

(2.14)

(2.15)

Through an attenuating volume, the transmittance exponentially decays with
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(a)

(b)

Figure 2.8: (a) Angular scattering due to a single spherical particle. (b)
Effective single-scattering from a small volume which includes particles of
different sizes. The volume is of length dx and differential optical depth dτ .
optical depth:
T = e−τ .

(2.16)

Scattering: A single non-radiating particle interacts with irradiance by
absorption or scattering. The weight of scattering (to all directions), relative
to the total extinction is given by the unitless single scattering albedo $ of
the particle. Specifically, $ ≈ 1 implies that extinction is predominantly
due to scattering, as in the case of liquid water droplets in visible light.
Conversely, $ ≈ 0 implies that extinction is due to absorption (e.g. in soot
particles). The scattering coefficient α (units m−1 ) is
α = $β = $σn.

(2.17)

Scattering Phase Function: Scattering is generally anisotropic. Its angular distribution is determined by a phase function of both incoming and
outgoing direction vectors p (ωin , ωout ) as illustrated in Fig. 2.8. The sphericity and orientation of a scattering particle have an effect on the outcome
of a single scattering event. Nonetheless, for most atmospheric settings, ice
clouds being an exception, the orientation of a group of particles is uniformly
distributed (Fig. 2.9). This results in phase functions that are axi-symmetric
around the incoming beam [63], i.e. the phase function depends only on the
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Figure 2.9: An illustration of a volumetric medium cross-section where
particle orientation is distributed uniformly.

scattering angle cosine
p (ωin , ωout ) = p (ωin · ωout ) = p (µ) .

(2.18)

µ = ωin · ωout = cos Φ.

(2.19)

Here we denote
The phase function p is normalized:
Z
p (ωin , ωout ) dωout = 1 ∀ωin .

(2.20)

S2

The scattering phase-function is often described in the angular domain. But
sometimes it is more convenient to rely on Spherical-Harmonics decomposition (Sec. 2.2). For axi-symmetrical phase functions, the spherical harmonics
expansion degenerates to a Legendre series expansion, without azimuthal
dependency:
p(µ) =

1 X
(2l + 1) ηl Pl (µ) .
4π

(2.21)

l≥0

Here Pl are the ordinary Legendre polynomials (Eq. 2.8), while
Z+1
ηl = 2π Pl (µ) p (µ) dµ
−1

20

(2.22)

are the spherical harmonics coefficients that express a specific phase function
p(µ). A normalized phase-function satisfies η0 = 1. The first order (l = 1)
coefficient is referred to as the asymmetry factor
Z+1
g = η1 = 2π µp (µ) dµ.

(2.23)

−1

It is the mean cosine of the scattering angle and is in the range [−1, +1]. A
highly peaked phase function satisfies |g| → 1 where positive and negative
values correspond to forward and backward peaks. An isotropic phase function satisfies g = 0.
Air molecules: Air molecules are much smaller than the wavelength λ of
visible light. As a consequence, their scattering follows the Rayleigh model:
pair (µ) ≈

3
(1 + µ2 )
16π

(2.24)

and $air = 1. Air density varies mainly with altitude z. With localized
tornadoes as exception, air density varies slowly in space and time, and
mapped over Earth using long established systems. In simulations, we assume
that the air molecular density nair falls off approximately exponentially with
altitude z, with a characteristic falloff height H air = 10 km [56]. Consequently,
the coefficients for extinction and scattering by air molecules are modeled
by [2]
β air (z) u

1.09 × 10−3
exp(−z/H air )
λ4

(2.25)

The λ−4 dependency gives the characteristically blue sky-color, increasing
the likelihood of shorter wavelengths to be scattered from air molecules to
the sensor/eye.
Cloud droplets: Cloud droplets are liquid water droplets suspended in
air. The change of refractive index between air and water creates scattering,
represented by scattering and extinction coefficients, and a phase function.
Each droplets is spherical to a good approximation and scatters according
to Mie theory [63] (Fig. 2.10). The droplet phase function pcl , extinction β cl
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Figure 2.10: Logarithm of Mie scattering phase-function for λ=660 nm.
[Green, Blue] Single sphere Mie scattering. [Red] Mie scattering by Gammadistributed spheres. Size integration smoothes-out high-frequency oscillations.
[Black] A commonly used parametric phase function, Henyey-Greenstein
(HG), does not capture the full complexity of Mie scattering.
and single scattering albedo $cl are dictated by the wavelength and droplet
radius. A small cloud volume consists of droplets of various sizes (Fig. 2.8).
It is characterized by a droplet size-distribution n(r). To enable estimation
of cloud microphysics, the size distribution is compactly parameterized. The
parameters are the zeroth, first and second moments of the size-distribution
(i.e. total number of particles, mean particle size and variance). The total
number of droplets per unit volume is
Z
N = n(r)dr.
(2.26)
The arithmetic mean of the droplet radius is
R
Z
rn(r)dr
1
R
=
rn(r)dr.
N
n(r)dr

(2.27)

However, a common parameterization weights each particle proportionally
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Figure 2.11: Gamma size-distribution for several effective radii and variances.
to its scattering cross-section. This ideal parameterization is inconvenient
due to a dependency on wavelength and refractive index. For this reason
the most commonly used parameterization is that of the effective radius and
(dimensionless) variance:
R
(πr2 )rn(r)dr
re = R
,
(πr2 )n(r)dr

ve =

R

(r−re )2 (πr2 )n(r)dr
R
.
re2 (πr2 )n(r)dr

(2.28)

There, the integration weight is proportional to the geometric cross-section [42].
Cloud water droplets have good empirical agreement [42] with the Gammadistribution:
−1

n(r)=N Cr(ve

−3)

exp[−r/(re ve )],

(2.29)

−1

where C=(re ve )(2−ve ) /Γ(ve−1−2) is a normalization constant and Γ is the
Gamma function. See Fig. 2.11 for examples. An important bulk characteristic is the mass content
Z
4
M = πρ r3 n(r)dr,
(2.30)
3
r
where ρ is the particle bulk density. For water ρw =1 g/cm3 and Mw ≡ LWC
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is referred to as liquid water content.
Aerosols: Aerosols are airborne particles such as dust and sea-salt. Most
optically meaningful aerosols are typically larger than the wavelength of
visible light. Thus for them, the Mie scattering model [10] is dominant.
At any voxel within the atmosphere a combination of droplets, aerosols
and air molecules is present. The effective optical properties at x are defined
as
β(x) = β cl (x) + β ae (x) + β air (z),
(2.31)
$(x) =

p (x, µ) =

$cl (x)β cl (x) + $ae (x)β ae (x) + $air (z)β air (z)
,
β(x)

(2.32)

$cl pcl (x, µ) β cl (x) + $ae pae (x, µ) β ae (x) + pair (µ) β air (z)
.
$cl (x)β cl (x) + $ae (x)β ae (x) + $air (z)β air (z)
(2.33)

Here superscripts {cl, ae, air} denote cloud, aerosol and air respectively.

2.4

Steady-State Radiative Transfer Equation

The image formation (forward) model is steady-state 3D radiative transfer.
Define an atmospheric domain Ω ⊂ R3 with boundary ∂Ω, whose outward
facing normal is % (Fig. 2.12). At position x ∈ Ω and direction of propagation ω ∈ S2 (unit sphere), the radiance field is I (x, ω). Dependency
on wavelength λ is omitted, to simplify the notation. Let ω · % < 0 define
incoming radiation. The boundary condition is
I (x, ω) , IBC (x, ω)

when ω · % < 0,

x ∈ ∂Ω.

(2.34)

Neglecting visible light emission by the medium, Radiative transfer satisfies [14]:
ω · ∇I (x, ω) = β (x) [J (x, ω) − I (x, ω)]
24

x ∈ Ω,

(2.35)

Figure 2.12: Integral RTE illustration. Incoming solar radiation, IBC is a
boundary condition. Light scatters in the medium, generally multiple times.
An angular integral over I at x0 creates the in-scatter field J(x0 , ω). A line
integral over J and the boundary radiation yield the radiance field I (x, ω).

where
J (x, ω) =

$(x)
4π

Z

S2



p x, ω · ω 0 I x, ω 0 dω 0 ,

(2.36)

is called the source function as it is a source in the differential equation
(Eq. 2.35). J (x, ω) is also referred to as in-scatter - it accumulates incoming
radiation in direction ω 0 which is scattered into a line-of-sight in direction
ω 0 (Eq. 2.36). Here p (x, ω · ω 0 ) is the phase function at x. Equations (2.34–
2.36) define a complete radiative transfer model for an externally illuminated,
non-emitting medium.
Integrating Eq. (2.35) along a specific direction ω results in an integral
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form of the 3D radiative transfer equation (RTE) [14]
"
#
x
R0
Rx0
0
0
+ J(x , ω)β (x ) exp − β (r) dr dx0 .
x

(2.37)

x

Here x0 is a point on the boundary. Equation (2.37) accumulates scattered
radiance along an LOS, weighted by the corresponding extinction. Eqs.(2.362.37) and the recursive dependency of I and J is illustrated in Fig. 2.12.

2.5

Spherical Harmonics Discrete Ordinates
Method (SHDOM)

”SHDOM is the most widely used explicit multi-dimensional radiative transfer
model in atmospheric sciences” [63]. SHDOM alternates between Spherical
Harmonics (Sec. 2.2) and Discrete Ordinates representations. The radiative
transfer iterations, described in this section, are of the forward model which
iteratively updates the estimation of 3D radiation fields until convergence.
Spherical Harmonics: Analogously to the efficient computation of convolution as Fourier series multiplication, Eq. (2.36) is an angular convolution
over the sphere. Such a convolution is efficiently computed as a multiplication
of spherical harmonics coefficients. Define the spherical harmonics series of
the source function and radiance fields at x as
J (x, ω) =

X

Jlm (x)Yl,m (ω),

I (x, ω) =

lm

X

Ilm (x)Yl,m (ω)

(2.38)

lm

Then [27] in the spherical harmonics domain, Eq. (2.36) reduces to
Jlm (x) = $(x)ηl (x)Ilm (x),

(2.39)

where ηl are Legendre coefficients of the phase function (Eq. 2.21). SHDOM
iteratively updates and stores the estimated source-function spherical harmonics coefficients Jlm (x). The reason that the source-function J (x, ω) is
stored using spherical harmonics instead of the radiance field I (x, ω), is that
J (x, ω) is angularly smoother (more isotropic), thus requires less spherical
harmonics coefficients.
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(a)

(b)

Figure 2.13: Discrete ordinates representations of directions. (b) A latitudelongtitude scheme [31] results in high sampling rate around the poles. (b)
Gaussian sampling [31].

Discrete Ordinates: A discrete ordinates representation bins the unit
sphere to Nµ zenith bins and Nφ azimuth bins. The choice of discrete points
and weights is called a quadrature scheme (Fig. 2.13). The discrete ordinates
representation of the radiance and source-function is defined by the discrete
sets
{I(µj , φk )}, {J(µj , φk )}

j=0,...,Nµ
k=0,...,Nφ ,

(2.40)

respectively.
First, let I(µj , φk ) be known from a previous iteration. Then I(µj , φk ) is
transformed to spherical harmonics using
Ilm =

Nφ Nµ
X
X

wj I (µj , φk ) Yl,m (µj , φk ),

(2.41)

k=1 j=1

where wj are integration weights used to replace the continuous integral of
Eq. (2.12) with the discrete sum of Eq. (2.41). A Gauss-Legendre quadrature
scheme has [31]
wj =

2π
2
.
d
2
Nφ (1 − µj ) dµ
PNµ (µj )

(2.42)

Then, Eq. (2.39) yields Jlm . Afterwards, Jlm is transformed from spherical
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Figure 2.14: Line integral through an SHDOM grid cell. Input and output
values are bi-linearly interpolated from the cell grid point values.

harmonics to discrete ordinates using the series expansion (Eq. 2.11)
J(µj , φk ) =

X

Jlm Yl,m (µj , φj ) .

(2.43)

l,m

Integration Along Discrete Ordinates: The updated radiance field
I(µj , φk ) of the next iteration is computed by integrating Eq. (2.37) along
discrete ordinates directions. To compute Eq. (2.37), the extinction is
assumed to vary linearly with distance across a grid cell. Denote β, J and I
at the 8 grid points comprising a grid cell with superscript (1) − (8) as in
Fig. 2.14. Denote cell entrance and exit points by xin , xout and the distance
between them by (Fig. 2.14)
d = kxout − xin k.

(2.44)

Let
βin = β(xin ),

βout = β(xout )

(2.45)

be bi-linearly interpolated from β (5) −β (8) and β (1) −β (4) respectively. Linearly interpolated extinction across the cell is
s
β(s) ≈ βin + (βout − βin ) .
d

(2.46)

Here s ∈ [0, d]. With this assumption and according to Eq. (2.15) the optical
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path across a grid cell is

τ=

Zd

β(s)ds =

1
(βin + βout ) d.
2

(2.47)

0

Similarly, Jin , Jout and Iin , Iout are bi-linearly interpolated from the cell grid
points (1)−(8) at the LOS direction (Fig. 2.14)
ωin→out =

xout − xin
d

(2.48)

In [27] the extinction-source product J(s)β(s) is assumed to vary linearly
across a grid cell
s
J(s)β(s) ≈ Jin βin + (Jout βout − Jin βin ) .
d

(2.49)

Then, using Eq. (2.37), the output radiance Iout = I(xout , ωin→out ) is computed [27] by


Jin βin +Jout βout βin Jout βout −βout Jin βin
Iout = e−τ Iin +(1−e−τ )
d (. 2.50)
+
βin +βout
6(βin +βout )
This approximation is not accurate for a large optical paths across a grid
cell.
Adaptive Grid: The accuracy of radiative transfer computations depends
on the spatial and angular resolutions. SHDOM supports both adaptive
angular resolution truncation and an adaptive spatial grid. Storing spherical
harmonics coefficients allows for a natural angular truncation where the
series high-frequencies are truncated below a threshold.
The accuracy of the source function integration (Eq. 2.50) depends on
the accuracy of the linear variability across a grid cell. If τ  1 or J is slowly
varying across a grid cell (e.g. in the core of optically thick media), then
Eqs. (2.47, 2.49, 2.50) offer a good approximation. It is therefore convenient
to have an adaptive spatial resolution grid, with high resolution only where
needed. A cell-split measure [27] is defined for each of the three Cartesian
axes to determine if a cell should be split along this axis. We now describe
this measure. Denote the distance between two grid points along the z axis
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z-plane split

x-plane split

y-plane split

Figure 2.15: Cell splitting along the three Cartesian planes.
as dz and the average optical density as β̄z = 12 (β (0) + β (1) ) (Fig. 2.15). For
every two neighboring grid points, the following cell-split measure is defined1
s
i
1 − e−dz β̄z
1 X h (1) (1)
(0) 2
ζz =
β Jlm − β (0) Jlm .
(2.51)
4π
β̄z
lm

For highly spatially varying Jlm (e.g. at the boundary of a cloud), ζz is
large. Similarly the split measure is computed for all three Cartesian planes.
The plane with the highest value (over a threshold) yields a split of the cell
(Fig. 2.15).
Computation of Radiative Transfer by Iterations:
Each SHDOM forward iteration consists of the following steps:
1. Source function is transformed from spherical harmonics to discrete
ordinates (Eq.2.43)
2. Source function is integrated along discrete angles to obtain discrete
ordinates representation of the radiance field (Eq. 2.50)
3. Radiance field is transformed from discrete ordinates to spherical
harmonics (Eq.2.41)
4. Source function spherical harmonics coefficients are computed by multiplication (Eq. 2.39)
5. Cell split according to Eq. (2.51)
1

For every cell, ζz is averaged over the four grid points pairs
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Figure 2.16: An electro-magnetic ray of light [100]. The electric field direction
lies on a plane perpendicular to the propagation direction ω.

2.6

Polarization

Stokes Vector: Light is electro-magnetic radiation. Consider a ray of light
at frequency ν = λc where c is the speed of light in vacuum. This beam
is defined in terms of two perpendicular components of the electric field
(Fig. 2.16)
E⊥ = A⊥ ei(2πνt−κz−Ψ⊥ ) ,

Ek = Ak ei(2πνt−κz−Ψk ) .

(2.52)

For scattering interactions, it is convenient to define the polarized light state
in terms of the Stokes [42] vector I = (I, Q, U, V )> where each component is
a time average over the electric fields
∗
I = hE⊥ E⊥
+ Ek Ek∗ i

∗
Q = hE⊥ E⊥
− Ek Ek∗ i

U
V

∗
= hE⊥ Ek∗ + Ek E⊥
i

=

ihE⊥ Ek∗

−

(2.53)

∗
Ek E⊥
i.

In terms of the Stokes components, the unpolarized, polarized and linearly
polarized intensities are
Iunpol = I,

Ipol =

p
Q2 + U 2 + V 2 ,

Ilp =

p

Q2 + U 2 ,

(2.54)

respectively. Generally, the following inequality holds
I≥

p
Q2 + U 2 + V 2 .
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(2.55)

Figure 2.17: Linear relation between input and output Stokes vector, described by a Mueller matrix M.

Here equality and inequality are for completely and partially polarized light
respectively. The degree of polarization (DOP) and linear polarization
(DoLP) are respectively defined as the ratios
DOP =

Ipol
,
I

DoLP =

Ilp
.
I

(2.56)

Sun light, for instance, is unpolarized with a Stokes vector of
ISun = (ISun , 0, 0, 0)> .

(2.57)

DOPSun = DoLPSun = 0.

(2.58)

Thus,
Linearly polarized light satisfies DoLP=1 and partial linear polarization
satisfies 0 < DoLP < 1.
Mueller matrices are 4 × 4 matrices that describe a system with linear
relation between input and output Stokes vectors (Fig. 2.17)
Iout = MIin

(2.59)

This linear relation suitably describes many optical components (e.g. polarizers, waveplates, rotators) and scattering due to atmospheric particles.

Phase Matrix: The phase-matrix is a Mueller matrix which describes
the interaction of the Stokes vector with scattering particles. Denote the
scattering angle as Φ. For randomly oriented particles, the phase-matrix
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takes the following symmetric form [42]


p11 (Φ) p21 (Φ)
0
0
p (Φ) p (Φ)

0
0
 21

22
P (Φ) = 
,
 0
0
p33 (Φ) −p43 (Φ)
0
0
p43 (Φ) p44 (Φ)

(2.60)

where p11 is the (unpolarized) scattering phase-function described in Sec. 2.3.
For Rayleigh scattering, the phase matrix takes the following form [14]
3



PRayl (Φ) = 


4

1 + cos2 Φ
− 34 sin2 Φ
0
0



3
4

− 43 sin2 Φ

1 + cos2 Φ
0
0

0
0
3
2 cos Φ
0


0
0 

 . (2.61)
0 
3
2 cos Φ

Using Eqs. (2.57, 2.59, 2.61), the single-scattered Sun light due to air
molecules is given by
Iout = PRayl ISun

>


3
3
2
2
.
= ISun 1 + cos Φ , −ISun sin Φ, 0, 0
4
4

(2.62)

sin2 Φ
1 + cos2 Φ

(2.63)

Thus, the single-scattering DoLP (Eq. 2.56) is
DoLPRayl (Φ) =

Eq. (2.63) gives a maximum DoLP of at scattering angle Φ = 90◦ and
is accurate for the low optical densities associated with a pure Rayleigh
atmosphere. This result is visible in multiple-scattering simulations we
conducted (Figs. 2.18-2.19), which also match field measurements [75].
Mie scattering can be defined in terms of the (complex) amplitude scattering functions S1 , S2 (for a full definition refer to Sec. 4). Following [42], a
transformation matrix, F = γP, is defined. The transformation matrix is
proportional to the phase matrix P with a normalization constant
1
γ=
4π

Zπ Z1

F11 (µ, φ)dµdφ.

−π −1
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(2.64)

Hemispherical
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Solar
ith

Surface Lambertian albedo = 0.01

Figure 2.18: A pure Rayleigh atmosphere for two solar angles. Rendering
was done using vSHDOM [24].
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Figure 2.19: Simulated DoLP images for different solar angles. Navy blue is
the at solar back-scatter angle (Φ = 180◦ ). The red ring is the maximum
DoLP at ∼ Φ = 90◦ .
The transformation and phase matrix elements are then completely defined
by 6 angular functions (Fig. 2.20).
1
(S1 S1∗ + S2 S2∗ ) ,
2
1
= (S1 S2∗ + S2 S1∗ ) ,
2

1
(S1 S1∗ − S2 S2∗ ) ,
2
i
= (S1 S2∗ − S2 S1∗ ) ,
2

1
(S1 S1∗ + S2 S2∗ ) ,
2
1
= (S1 S2∗ + S2 S1∗ ) .
2
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Figure 2.20: Mie phase matrix elements, at λ = 0.8µm, for droplet sizedistribution with effective radius of 10µm and effective variance of 0.1.
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Chapter 3

Airborne Three-Dimensional
Cloud Tomography
This chapter was published as:
A. Levis, Y. Y. Schechner, A. Aides and A. B. Davis.
Airborne Three-Dimensional Cloud Tomography, In Proc.
IEEE International Conference on Computer Vision (ICCV),
pp. 3379-3387, 2015.

36

Abbreviations
3D
AirMSPI
CT
DOF
LES
LIDAR
MC
RTE
SHDOM

—
—
—
—
—
—
—
—
—

Three dimensional
Airborne multi-angle spectro-polarimeter imager
Computational tomography
Degrees of freedom
Large eddy simulation
Light detection and ranging
Monte-carlo
Radiative transfer equation
Spherical harmonics discrete ordinates method

Notations
Aw,k
Bw,k
bk (x)
β
βa
βc
βR
ck
δ
∆
E

f (r)
I (x, ω)
IBC
I(β)
J (x, ω)
Jn
J (β)
k
λ
M(β)

—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

Gradient component of pixel w with respect to grid point k
Gradient component of pixel w with respect to grid point k
Grid interpolation kernel
Optical extinction coefficient
Air optical extinction coefficient
Cloud optical extinction coefficient
Rayleigh optical extinction coefficient
Gradient component of pixel w with respect to grid point k
Over all mass error
Gradient descent step size
Data-fit cost function
Relative local mass error
A function over 3D position
Radiation field at position x and angle ω
Boundary radiation
Radiance forward mapping
In-scatter field / Source function at position x and angle ω
The estimate of J at the n iteration
In-scatter forward mapping
Grid point index
Wavelength
Measurements operator
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n
Nβ
NDOF
Ngrid
Nmeas
Ω
ω
p
pc
pR
R
reff
ρ
S2
Σmeas
σw
t
T (β)
veff
ϑ
w
$
x
x0
y
z

—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

Optimization iteration index
Number of extinction updates for a fixed Jn
Number of degrees of freedom
Number of grid points
Number of pixel measurements
3D domain
3D angle
Phase function
Cloud phase function
Rayleigh phase function
Real line
Effective droplet radius
Correlation coefficient
Unit sphere
Co-variance matrix of the measurements
Variance of measurement w
Gradient update index
Radiance forward mapping
Effective droplet variance
Unit normal
Measurement index
Single scattering albedo
3D position
3D position on the boundary
Measurement vector
Vertical coordinate (altitude)
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Abstract
orbit

We seek to sense the three dimensional (3D) volumetric
distribution of scatterers in a heterogenous medium. An important case study for such a medium is the atmosphere. Atmospheric contents and their role in Earth’s radiation balance have significant uncertainties with regards to scattering components: aerosols and clouds. Clouds, made of water droplets, also lead to local effects as precipitation and
shadows. Our sensing approach is computational tomography using passive multi-angular imagery. For light-matter
interaction that accounts for multiple-scattering, we use the
3D radiative transfer equation as a forward model. Volumetric recovery by inverting this model suffers from a computational bottleneck on large scales, which include many
unknowns. Steps taken make this tomography tractable,
without approximating the scattering order or angle range.

IBC (x, ω)

I (x, ω)

ϑ

∂Ω
Ω
J

line
t

igh

of s

x0

1. Introduction
Scattering and refractive media are increasingly considered in computer vision [19, 20, 38, 39, 46, 48], typically
for observing background objects [47, 35, 56]. However,
in important cases, the medium itself is of interest. For example, remote sensing of the atmosphere seeks to assess
the distribution of various airborne scatterers. Image data
is used to fit a physical model of light propagation through
the medium and recover scatterer properties. Similar efforts
use refractive propagation models to recover properties of
refractive media [6, 24, 25, 49, 55].
This paper seeks volumetric recovery of a three dimensional (3D) heterogeneous highly scattering medium. Furthermore, this work performs recovery in a very large scale:
the atmosphere embedded with clouds. The data comprises
images acquired from multiples directions [50], as illustrated in Fig. 1. Such a setup samples the scene’s lightfield [1, 3, 23, 26, 28]. 3D volumetric recovery is achieved
in various domains using tomography, finding wide use in

Figure 1. A multi-angular imager passing over an atmospheric domain enables multi-pixel multi-view acquisition [16, 46]. Incoming solar radiation is a boundary condition. A bidirectional reflectance distribution function characterizes the bottom surface.
Light scatters in the medium, generally multiple times, creating
a scatter field J. Integrating J and the boundary radiation using
corresponding attenuation, yields the radiance I (x, ω).

biomedical imaging [15, 52] and computational photography [6, 29, 49, 53]. However, this work faces several important challenges. First, due to the large volumes involved,
our setup is passive, using the steady, uniform and collimated Sun as the radiation source. This is contrary to
most tomography setups, in which the source is controllable. Second, in most tomographic models, as in X-ray,
direct-transmission [34] forms the signal, while small-angle
scattering has been treated as a perturbation. In contrast, in
a medium as a cloud, the source and detector are generally
not aligned: scattering including high orders is the dominant signal component.
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Previous works on scattering tomography focus on limits of the scattering order: either diffusion [9, 21] or singlescattering [2]. However, scattering objects, as clouds, are
complex: they can exhibit diffusion in their core, low-order
scattering in their boundaries and interaction with their surrounding. To avoid reliance on such scattering order approximations, we use the 3D radiative transfer equation
(RTE) as the image formation model. However, avoiding such scattering approximations significantly complicates the model, jeopardizing the prospects of its inversion.
To make any type of tomography a practical tool, the inverse problem must be tractable. It is thus necessary to find
means to efficiently invert the model, as this paper derives.
The derived mathematical multi-scatter heterogeneous
model and algorithm principles can be applied to various
media. This paper makes further focus on clouds, which are
scattering media made of suspended water droplets. Clouds
reflect much of the Sun’s radiation out to space, while trapping emitted terrestrial radiation. Clouds thus play a major
role in the Earth’s radiation budget and the understanding
of climate evolution [44], yet their influence over climate
change still has a large uncertainty [11]. There is thus motivation to sense clouds in detail.
Lidars and in-situ sampling provide local small-scale
data. Current optical remote sensing of Earth’s atmosphere
generally does not yield 3D volumetric mapping. Rather,
remote sensing methodology has largely assumed a planeparallel atmospheric geometry, with horizontally uniform
properties. This crude geometry limits recovery to simple
parameters [36, 37, 42]. Moreover, this approximation of
atmospheric structure causes biases of the retrieved parameters in most cases [14]. Our 3D volumetric recovery avoids
the plane-parallel assumption. The method is demonstrated
on images captured from a high altitude aircraft. It is also
validated using established atmospheric models coupling
fluid dynamics and cloud micro-physics.

2. Theoretical background
2.1. Image Formation Model: Radiative Transfer
Our image formation (forward) model is steady-state 3D
radiative transfer. A domain Ω ⊂ R3 has boundary ∂Ω,
whose outward facing normal is ϑ (Fig. 1). At position x ∈
Ω and direction of propagation ω ∈ S2 (unit sphere), the
radiation field is I (x, ω). Dependency on wavelength λ is
omitted, to simplify the explanation. Let ω · ϑ < 0 define
incoming radiation. The boundary condition is
I (x, ω) , IBC (x, ω)

when

ω · ϑ < 0,

x ∈ ∂Ω. (1)

Radiative transfer satisfies [10]:
ω · ▽I (x, ω) = β (x) [J (x, ω) − I (x, ω)]

x ∈ Ω, (2)

Figure 2. The RTE is a recursive interplay between J (x, ω) and
I (x, ω), given by Eqs. (3,4), thus spanning multiple scattering.
Numerically, this forward-model is iterated to convergence.

where β is the x-dependent extinction coefficient, while
Z
̟
J (x, ω) =
p (x, ω · ω ′ ) I (x, ω ′ ) dω ′ ,
(3)
4π
S2

is the source function (in-scattering term) [10], neglecting
visible light emission by the medium. Here ̟ is the single scattering albedo and p (x, ω · ω ′ ) is the phase function
at x. The phase function describes the fraction of energy
scattered from ω ′ to ω by an infinitesimal volume. Equations (1–3) define a complete radiative transfer forward
model for an externally illuminated, non-emitting medium.
Integrating Eq. (2) along a specific direction ω results in
an integral form of the 3D RTE [10, 31]

 x0
R
I(x, ω) = IBC (x0 , ω) exp − β (r) dr
x
"
#
′
x
R0
Rx
′
′
+ J(x , ω)β (x ) exp − β (r) dr dx′ .
(4)
x

x

Here x0 is a point on the boundary (see Fig. 1). Equation (4) accumulates scattered radiance along a line of sight,
R x′
weighted by the corresponding extinction. By x f (r)dr,
we mean a line integral over a field f (x) along the segment
extending from x to x′ . Numerically, this is preformed by
back-projecting a ray through the medium.
Equations (3,4) express a recursive interplay of the fields
J and I, as illustrated in Fig. 2. A recursion effectively
amounts to a successive order of scattering, or a Picard iteration [18]. Had J (x, ω) been computed only through incoming solar radiation, without recursion, the result would
have been a single scattering approximation.

2.2. Spherical Harmonics Discrete Ordinates

Numerically solving the radiative transfer is a balance
between speed and accuracy. Monte Carlo (MC) methods
can handle very complex media, including sharp changes in
optical parameters. This makes MC particularly accurate in
rendering of surfaces. In MC, radiometric quantities are attained by random sampling the infinite domain of possible
light paths. This computational process is very slow, particularly for multi-view images. Faster rendering using less
random samples increases noise.
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Deterministic RTE solvers discretize the spatial and
angular domain. Discretization biases I (x, ω) towards
smooth solutions. Nevertheless, volumetric clouds are
smoother than surfaces, thus a computed smooth I (x, ω)
is consistent with the nature of cloud fields. Deterministic solvers are thus prime tools in atmospheric rendering.
Moreover, when seeking many radiometric outputs of the
same scene, e.g. in multiple viewpoints, a model that solves
the RTE directly has favorable computational cost.
A very efficient, deterministic solver is the spherical
harmonic discrete ordinates method (SHDOM) [18, 31],
which relies on two principles. (i) A spherical harmonics
representation for the scatter field allows for efficient
computation of angular integrals. (ii) Discrete ordinates
models radiation flow along specific directions within the
domain. Ref. [41] compares atmospheric MC and SHDOM.

2.3. Air and Cloud Water Droplets

For air molecules and cloud water droplets, ̟ ≃ 1 in
visible light. Molecules follow the Rayleigh scattering law,
which uniquely determines the spatially invariant molecular
phase function [2] pR (ω · ω ′ ). The Rayleigh scattering coefficient βR is analytically known per air density. Air density varies mainly with altitude z. With localized tornadoes
as exception, air density varies slowly in space and time,
and mapped over Earth using long established systems.
The change of refractive index between air and cloud water droplets creates scattering, represented by a cloud scattering coefficient βc (x) and phase function pc (ω · ω ′ ). The
total extinction and phase function are respectively
β(x) = βc (x) + βR (z)

change in J(x2 ). However, for a given, fixed J, it is easy
∂
I. This obto compute, through (4), the radiance I and ∂β
servation provides a key for computationally realistic tomographic recovery, which is now explained.

3.1. Operator Notation
Following [5, 7], we use operator notations. For a
given boundary condition, the radiance forward mapping
I (x, ω) = I (β) is an operator that transforms an extinction field β into a radiation field I. Let us decompose this
mapping into two operators, I (β) = T (β) J (β). Here
J (x, ω) = J (β) is the in-scatter forward mapping from a
field β to a field J. The operation T (β) transforms an inscatter field J to a measurable radiance field by the simple
line integrals of Eq. (4).
An aperture function w ∈ Ω × S2 , defines collection of
radiance by a detector, over a spatial and angular support.
Measurements are thus an operator
Z Z
· · dωdx.
Mw I (β) = hw, IiΩ , where h· , ·iΩ ≡
Ω S2

(7)
For an idealized single-pixel detector positioned at x∗ , collecting radiation flowing in direction ω ∗ ,

Mw I = hδ (x − x∗ ) δ (ω − ω ∗ ) , IiΩ = I (x∗ , ω ∗ ) . (8)
Consequently, the forward model is
Fw (β) = Mw I (β) = Mw T (β) J (β) .

For numerical recovery, the sought field is discretized

(5)

pc (ω · ω ′ ) βc (x) + pR (ω · ω ′ ) βR (z)
p (x, ω · ω ′ ) =
.
β(x)
(6)
The function pc is determined through Mie theory by the
droplet size distribution. The size varies mainly vertically,
within typical air masses. Vertical variations follow curves,
whose parameters are measured from satellites [45]. 3D
variations are thus mainly attributed here to βc (x).

3. Tomographic Recovery - Inverse Model
We seek to recover β(x) within the volume of a cloud.
This is equivalent to seeking βc (x), since βR (z) is known.
The recovery is based on images, with a complex imageformation model. An efficient approach must be derived
for such a complex recovery to be contemplated. Note that
Eq. (4) depends on β(x) in two ways. One dependency
on β is explicit, through line integrals over straight backprojected rays, that are easy to compute. The other dependency is implicit, through J. The implicit dependency is
complicated and non-local: a change in β(x1 ) can cause a

(9)

Ngrid

β (x) =

X

βk bk (x) ,

(10)

k=1
N

grid
where {βk }k=1
are discrete parameters, bk (x) is a unitless interpolation kernel and Ngrid is the number of grid
points. Let y be a measurement vector and ( · )T denote
transposition. Tomographic reconstruction is an estimation
T
of β = β1 , ..., βNgrid , that minimizes a data fit cost

β̂ = arg min E [y, F (β)] .
β

(11)

Solving the minimization problem utilizes the gradient of
E with respect to β. In Eq. (5), βR (z) is known, thus
[dE/dβ] = [dE/dβc ]. The gradient is traditionally estimated iteratively, which would require O (Ngrid ) simulations of the forward model, per iteration. The complexity is
exacerbated by the complicated and non-linear form of the
forward operator F. Differentiation using an adjoint RTE
was theorized in [32]. A theory and initial results of inverse
rendering using Pn approximation are shown in [54]. In
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E [y, F(β)]

E [y, F(β)]
E [y, F (β|J1 )]
E [y, F (β|J0 )]

For a detector defined in (8),
Mw




∂
T (β) Jn = Aw,k + Bw,k ,
∂βk

(16)

where
β

β2 β1 β0
(a)

β2 β1 β0
(b)

β

works that do not attempt 3D volumetric recovery, stochastic gradients [22] are used in a homogeneous medium, while
numerical differentiation estimates unidirectional path integrals [13, 30]. Despite seeking non-volumetric recoveries,
these works report prohibitive computational complexity.

3.2. Scalable Approach
To turn the hypothetical (11) to a feasible, tractable
method, we simplify [27] the computations. Instead of optimizing a function whose gradient is complex to compute,
we efficiently optimize β using surrogate functions that
evolve through iterations (Fig. 3). Let βn be an estimate
of β in iteration n. The first step computes the in-scatter
field, which corresponds to the current estimate βn
(12)

This is the computationally complex part, hence we do not
estimate its gradient. In fact, we hold Jn constant for a
while, despite evolution of β. Let F(β|Jn ) = MT (β)Jn
serve as a surrogate function in which Jn is fixed. In the
second step, keeping Jn fixed, the following optimization
finds the next estimate of β
(13)

βn+1 = arg min E [y, F (β|Jn )] .
β

Data-fit using weighted least squares has the form
E [y, F (β|Jn )]
=

1
2

T

[y − MT (β) Jn ] Σ−1
meas [y − MT (β) Jn ] .(14)

Here Σmeas is the covariance matrix of the (uncorrelated)
2
measurements. The variance of measurement w is σw
.
Given measurement vector y of length Nmeas and Jn ,
solving (13,14) is simple using gradient-based methods.
∂
∂βk E

=

[y, F (β|Jn )]

NP
meas
w=1

1
2
σw

[Fw (β|Jn ) − yw ] Mw

h

∂
∂βk T

x∗

Bw,k =

Figure 3. Illustrating a surrogate function. (a) Computing the cost
function gradient has very high computational complexity, making
gradient based methods expensive. (b) The gradient of a surrogate function E [y, F (β|Jn )] is easily computed, driving the minimization forward by iterations. In each iteration a minimum of
the surrogate function is attained (Eq. 13), followed by its evolution (Eq. 12), using SHDOM and the newly found βn .

Jn = J (βn ) .

 x0

R
Aw,k = ck (x0 )IBC (x0 , ω ∗ ) exp − β (r) dr ,

i
(β) Jn .(15)

x
R0

x∗

Jn (x, ω ∗ ) [bk (x) + ck (x)β(x)]

 x
R
× exp − β (r) dr dx.

(17)

∂
E [y, F (β|Jn )] ,
∂β

(18)

x∗

Rx
The factor ck (x) = − x∗ bk (r)dr can be pre-computed,
as it does not depend on the sought field. Given the gradient (15), Eq. (13) can be solved using gradient descent
βnt+1 = βnt − ∆ ·

where t indexes a gradient-descent step, and ∆ is the step
size. After every Nβ gradient descent steps, the field J
is updated using SHDOM. Then, gradient-descent is resumed, using the updated J, for another set of Nβ gradient descents, and so on. Starting with an initial guess
β0 , Eqs. (12,13,18) define an iterative optimization process.
Eqs. (12,13) are alternated repeatedly until convergence.
In optimization problems, particularly nonlinear ones,
the step size ∆ needs to be well set. As a preliminary rule
of thumb, we found that for stability, ∆ needs to be lower,
when the effective optical depth (not a 3D function) of a
cloud is lower. Optical depth is currently retrievable using
1D radiative transfer methods [36].

3.3. Computational Efficiency
The surrogate function enables a major reduction in computational complexity, enabling for the first time, feasible
3D recovery. The most expensive part of the process is
3D rendering including multiple scattering, expressed by J .
Hence, J must be performed sparingly. Let there be NDOF
degrees of freedom (unknowns) to recover. In the pioneering work of Ref. [22], focusing on retrieval of a homogeneous anisotropic medium, each gradient descent operation
requires O(NDOF ) operations of J (rendering operator).
In our optimization of β, a gradient descent of the surrogate function uses a fixed Jn , hence no operation of J is
made, irrespective of NDOF = Ngrid . The operator J is
applied sporadically over time, with frequency that is unrelated to Ngrid . Hence, our approach accelerates the most
expensive part of gradient descent by O(Ngrid ), facilitating optimization of O(105 ) unknowns in a short time. Our
method is thus scalable.
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chlorophyll concentration of 0.01 mg/m3 [40]. Here are
additional scene parameters.

Solar Radiation
(to 135◦ zenith)
65◦

20 [km]

20 [km]
+45.6◦

+26.1◦

0◦

−26.1◦

−45.6◦

Figure 4. [Top] A cumulus cloud field created by LES [33] is rendered using SHDOM [18]. The clouds in the marked boxes are
analyzed by tomography; [Bottom] SHDOM-generated radiance
measurements, at five out of the nine viewing angles.

4. Limitations

We have so far not encountered basic limitations that are
attributed to the surrogate-function method. Limitations we
found in simulations at various scales appear to be due to
the basic definition of the problem of passive 3D recovery:
• It is a non-convex problem, having local minima to which
gradient descent converges. This can be mitigated by an informed initial guess e.g., using a layered model retrieval or
an estimate of where the cloud’s outer boundary lies [8].
• At very high optical depth, the signal coming from deep
within the cloud is outweighed by sensor noise. This desensitizes airborne/space-borne signals to cloud densities there.
We hypothesize that this problem may be countered using
good priors or regularization on cloud structure via fluid dynamics, and ground or in-situ measurements.

5. Simulations
5.1. Scene and Image Rendering
To test the approach in a realistically complex yet
controlled scene, we use a large eddy simulation
(LES) [12, 33] to generate a cloud field (Fig. 4). The
LES is a comprehensive tool used by atmospheric scientists
to computationally-create physically correct clouds [50].
The key output of the LES is liquid water content over a
3D grid. The clouds here hover above open ocean, whose
reflectance [51] is affected by a 10 m/s wind and a typical

Atmospheric Constituents: The droplet size is Gammadistributed, with effective droplet radius reff = 10 µm
effective variance veff = 0.1, which are typical values [43].
Mie scattering theory converts these quantities into βc (x)
and pc (ω · ω ′ ), the cloud phase function. We model
molecular scattering using a summer mid-latitude vertical
distribution [4], at altitudes ranging within z ∈ [0,20] km.
We use λ = 672 nm, where Rayleigh total optical thickness [16, 17] of non-cloudy air is only ∼ 0.05.
Image Rendering: The top of the atmosphere is irradiated by collimated sunlight, directed as described in Fig. 4.
An SHDOM code [18] which is popular in atmospheric
3D radiative transfer, emulates1 measurements similar to
those taken by the Multi-angle Spectro-Polarimeter Imager
(AirMSPI) [17] at 20 m resolution. The 9 viewing zenith
angles are ±70.5◦ , ±60◦ , ±45.6◦ , ±26.1◦ , and 0◦ , where
± indicates forward/backward along the flight path. Images
as viewed from the instrument are rendered in Fig. 4. Poisson and quantization noise are included, according to the
specifications of AirMSPI [17].

5.2. Recovery Results
We analyzed two atmospheric volumes, marked by green
and red boxes in Fig. 4. Their respective dimensions are
0.72 × 0.72 × 1.44km3 , 1.32 × 2.22 × 2.2km3 . The analysis used ∆ = 200 and Nβ = 7 and open horizontal boundaries, expressing observation of an isolated cloud. Updates
of the surrogate function stopped when the cost function
declines to 1% of its initial value. MATLAB was used on
a 2.50 GHz Intel Xeon CPU. The rendering step, implemented in FORTRAN, was parallelized on 8 cores.
The converged reconstructions are displayed in Figs. 5,6
along with the ground-truth and a 3D relative error map.
We quantify the recovery error using two measures defined
in [2]. For the cloud marked in green (Fig. 4), the relative
error in overall recovered mass is δ = (5 ± 0.1)%. The relative local error is ǫ = (33 ± 2)%. Fig. 7 displays ǫ in three
slices. The error is larger at more opaque regions within the
cloud. A scatter plot of true vs. estimated values is shown
in Fig. 7c: its correlation is ρ = 0.94. For the cloud marked
in red (Fig. 4), δ = 30%, ǫ = 70%, due to the loss of signal.
Here ρ = 0.76. These results evolve from an initialization
of no-cloud, with neither priors nor regularization on cloud
structure. Runtime analysis is displayed in Fig. 8.

1 In
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[33], Fig. 4 is originally rendered using MC.
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Figure 5. The unknown extinction field is discretized to a 36 × 36 × 36 grid (46,656 unknowns). A volumetric comparison between the
true LES-generated cloud and the recovered cloud, based on initialization that assumed no cloud at all. It is evident from the relative error
map that the error is larger in the more opaque regions of the cloud.
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Figure 6. The unknown extinction field is discretized to a 66 × 111 × 43 grid (315,018 unknowns). A volumetric comparison between the
true LES-generated cloud and the recovered cloud, based on initialization that assumed no cloud at all. The cloud is extremely optically
thick here, completely dissipating the signal (down to sensor noise level) in some areas.

6. Large-Scale Field Experiment
6.1. Real Data and Its Pre-Processing
It is desirable to apply this approach to real data, captured in the huge outdoor field, from multiple remote
views [50]. In 2010 NASA initiated field campaigns with
AirMSPI [17] at 20 km altitude, aboard NASA’s ER-2 aircraft. AirMSPI has an eight-band push-broom camera,
mounted on a gimbal for multi-angular observations over a
±67◦ along-track range. AirMSPI had undergone extensive
geometric and radiometric calibration, to enable highly accurate quantitative measurements and subsequent products.
In a step-and-stare mode, the spatial resolution is 10m.

We use the 660nm channel of data from a Pacific flight2
done Feb/6/2013 at 20:27 GMT, around global coordinates
32N 123W. The flight path and three out of the nine view
angles are displayed in Fig. 9a. We examine an atmospheric
portion of 2.6 km × 3.4 km × 2.4 km in East-North-Up coordinates.
Clouds move due to wind at their altitude, while
AirSMPI flies. Motion along-track is difficult to resolve
by images, since it aliases as parallax, globally affecting
altitude estimation. Motion across track was estimated by
aligning consecutive frames. This method yielded an assessed cross-track motion of ≈ 37 km/h.
2 https://eosweb.larc.nasa.gov/project/airmspi
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Figure 7. Analysis of the results corresponding to Fig. 5. (a) Slices of the LES generated cloud. (b) The relative error ǫ in the same slices.
The error is generally larger for voxels with greater extinction. (c) Scatter plot of the estimated β̂ vs the ground truth βtrue (40% of the
points were diluted randomly, for display clarity). A red line indicates perfect retrieval.

6.2. Results
The assumed open ocean parameters we used are chlorophyll concentration of 0.01 mg/m3 and surface wind of
15 km/h. The boundary conditions, droplet size distribution, update scheme and convergence criteria are as described in Sec. 5, while here ∆ = 10. The extinction
field is discretized to 43 × 56 × 35 grid points (86,688 unknowns). Based on the nine views, the converged volumetric reconstruction is displayed in Fig. 9d. The extinction
values recovered by our reconstruction indicate an optical
mean-free-path of 100-300 meters inside this cloud.
For cross-validation of the method, we excluded the
nadir image data from the recovery process, thus using only
eight out of the nine raw views in the 3D recovery. Afterwards, we used the recovered cloud to render the missing
nadir view. Figure 9b,c compares the raw AirMSPI nadir
image to the rendered corresponding view. The same crossvalidation process was repeated for the +47o view angle
(Fig. 9e,f). The coarseness of the estimated images is due
to the cloud-voxel resolution (60m × 60m × 70m), which is
lower than the AirMSPI sampling resolution (10m × 10m).
Some of the artifacts evident in the volumetric reconstruction are due to the ocean, whose true parameters were not
calibrated by us.

7. Summary
This work derives a framework for 3D tomography in
scattering media, and in a large uncontrolled environment,
where clouds reside. In this type of tomography, the signal
is dominated by multiply scattered radiance and the source
may be uncontrolled. Neither small angle nor an approximate scattering order limit are assumed by our work. To
solve the problem in a tractable way, we develop a surrogate function suitable for the image formation model. This
approach aims to enable large-scale tomography of the par-
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Figure 8. Convergence rate of the simulation corresponding to
Fig. 5, including current runtime in our implementation.

ticulate atmosphere, and thus advance our understanding of
the physical processes involved. It can also find use in biomedical tomography, away from the small-angle, singlescattering or diffusion limits.
In computer vision, many recent studies attempt dehazing, i.e., background scene recovery through a scattering
medium. The dominant model used so far in dehazing
under natural lighting has been based on a single-scattering
approximation, ignoring higher-order scattering.
Our
work herein suggests that an inverse problem including
an arbitrary order of atmospheric daylight scattering is
solvable. Hence, dehazing may benefit from methods
presented here.
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Microphysics Tomography
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Abstract
Scattering effects in images, including those related to
haze, fog and appearance of clouds, are fundamentally
dictated by microphysical characteristics of the scatterers.
This work defines and derives recovery of these characteristics, in a three-dimensional (3D) heterogeneous medium.
Recovery is based on a novel tomography approach. Multiview (multi-angular) and multi-spectral data are linked to
the underlying microphysics using 3D radiative transfer, accounting for multiple-scattering. Despite the nonlinearity of
the tomography model, inversion is enabled using a few approximations that we describe. As a case study, we focus on
passive remote sensing of the atmosphere, where scatterer
retrieval can benefit modeling and forecasting of weather,
climate and pollution.

1. Introduction
Until recently, 3D inverse problems in computer vision
tended to use simple forward models, such as blur (defocus,
motion), reflection (photometric stereo), and dehazing [33,
42] based on single-scattering [5,48,49]. Other imaging
communities use different simplified models. Specifically,
tomography in medical imaging and many other applications is based on linear models [19,21,38,51]. Scattering
is often considered a nuisance, thus attempts are made to
counter or ignore it. In contrast, in atmospheric and hydrologic remote sensing, multiple scattering is a major signal
source, and the dominant light source (Sun) is uncontrolled.
Multiple-scattering models [46] are used resulting in a nonlinear inversion. However, the model of the medium degenerates to a plane parallel structure [30,36,39]: scatterers
vary essentially only in the 1D altitude [12,34].
With increasing computing power, previously intractable
problems may now be considered. Advances are made
in multiple reflections, non-line-of-sight imaging [4,29,47]
and multiple scattering [17,18,27,31,35]. In this line, this
work fits a 3D forward model involving arbitrary orders of

Figure 1. An instrument acquires multi-view images of a volumetric scattering medium. In each voxel, the scatterers have a
different size-distribution. The microphysical parameters of the
size-distribution, coupled with Mie theory, determine a voxel’s effective scattering characteristics, therefore affecting the acquired
images. Using these multi-view multi-spectral measurements we
recover spatial variations in the size-distribution parameters.

scattering, multiple viewpoints and spectral bands. We apply this approach to 3D atmospheric remote sensing, however, it could also find use in other fields such as computer
graphics, bio-medical imaging and material science.
Prior art has shown 3D scattering tomography of optical
parameters [17,18], however, it does not retrieve the physical properties of the scattering particles. The particles are
the crux, scientifically. Their microphysical parameters directly relate to physical, chemical and even biological processes in the medium. For example, in the atmosphere, microphysical properties of particles dictate pollution, cloud
formation and climate changes [9,45].
This paper seeks to recover these fundamental parame16740

ters, in 3D, using multiview multiband images (Fig. 1). To
achieve this, we generalize the mathematical approach of
scattering tomography in several ways. First, we generalize the forward and inverse models, so that they explicitly
and directly relate to the microphysical parameters, hence
retrieving them in 3D. Second, we generalize the 3D forward and inverse models to include multi-spectral data, to
enhance sensitivity to the microphysics.
We apply our approach to remote-sensing of clouds,
for which the scatterer material is known, retrieving sizedistribution parameters only. We conclude with a possible
road-map, to include retrieval of an unknown refractive index, e.g. for remote sensing and discrimination of smoke
and dust plumes.

2. Background

n(r|ν)
ve = 0.1

r [µm]
Figure 2. Normalized (N =1) Gamma-distribution. A decrease in
effective variance shifts the peak toward larger values as well as
decreasing the overall width of the distribution.

IBC

This section describes a microphysical parameterization
of a scattering medium and the connection between microphysics and the image formation (forward) model .

I (x, ω)

2.1. Scatterer Microphysics

J

(3)

−1

where C=(re ve )(2−ve ) /Γ(ve−1−2) is a normalization constant. An important bulk characteristic is the mass content
defined as
Z
4
M = πρ r3 n(r|ν)dr,
(4)
3
r
where ρ is the particle density. For water ρw =1 g/cm3 and
Mw is referred to as liquid water content.

2.2. Single Scattering
Consider an incident planewave of wavelength λ scattered from a spherical particle of radius r. Scattering of ra-

t

exp[−r/(re ve )],

igh

n(r|ν)=N Cr

ω′

ω

of s

Assume the scattering particles are of the same type, having
a known complex refractive index m (Sec. 9 discusses retrieval of m). Thus, ν=[N, re , ve ]. Cloud water droplets
have good empirical agreement [22] with the Gammadistribution (Fig. 2):

line

Microphysical properties of scatterers are parameterized
by a vector ν. For spherical scatterers, a common parameterization [22] expresses the number density distribution, n(r|ν), of particles of radius r (Fig. 1). Let N, re , ve
be the total number concentration, effective radius and the
dimensional-less variance defined [22] as
R
Z
(πr2 )rn(r|ν)dr
,
(1)
N = n(r|ν)dr, re = R
(πr2 )n(r|ν)dr
R
2
(r−re ) (πr2 )n(r|ν)dr
R
ve =
.
(2)
re2 (πr2 )n(r|ν)dr

(ve−1−3)

ve = 0.01

θ

x0
Figure 3. Light scatters in the medium, generally multiple times,
creating a scatter field J (Eq. 20). Integration yields the light field
I (Eq. 19). The angle between the two unit direction vectors ω,
ω ′ is θ. The boundary radiation is IBC and x0 is the intersection
point of the line-of-sight and the domain boundary.

diant intensity is described in terms of an interaction crosssection [3] (extinction for a distribution of particles) and angular scattering function. The scattering angle cosine, µ, is
defined in 3D as a product of unit direction vectors (Fig. 3)
ω and ω ′
µ = cos θ = ω·ω ′ .

(5)

Define the size-parameter as
d = 2πr/λ.

(6)

The Rayleigh model describes light scattering by particles
much smaller than wavelength, where d→0. For molecules
the interaction cross-section,1 σ Rayl , is approximately proportional to λ−4 . Let N Rayl denote the number density. The
1 For
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air, a mixture of molecules, the cross-section is an average quantity.

molecular extinction [11] is
βλRayl = σλRayl N Rayl .

(7)

Expressing diversion of radiance from ω to ω, the angular
scattering function is
′

3
(1 + µ2 ).
(8)
16π
Rayleigh scattering by molecules is often compounded
by scattering from large particles. For spherical particles of
size comparable to λ, the Mie model applies. Mie theory
provides a link between microphysical and optical properties of a medium.2 In the following, we introduce the equations necessary to describe the interaction cross-section,
σλMie , and intensity scattering function fλMie . For a comprehensive analysis we refer the reader to [20], where the
notations used in this section are taken from.3
Denote spherical Bessel and Hankel Functions [1] of the
First Kind as jl (q) and hl (q) respectively. Here l∈N+ , q∈C.
The Ricatti-Bessel functions are
fλRayl (µ) = σλRayl N Rayl

(1)

Ψl (q)=qjl (q), ξl (q)=qhl (q).

(9)
where ℜ denotes the real part.

Their respective derivatives are
Ψ′l (q)=

d
d
Ψl (q), ξl′ (q)= ξl (q).
dq
dq

(10)

For radius r and complex refractive index m, Mie series
coefficients are
Ψl (d)Ψ′l (md)−mΨl (md)Ψ′l (d)
,
(11)
aλl (r|m)=
ξl (d)Ψ′l (md)−mΨl (md)ξl′ (d)
mΨl (d)Ψ′l (md)−Ψl (md)Ψ′l (d)
bλl (r|m)=
,
(12)
mξl (d)Ψ′l (md)−Ψl (md)ξl′ (d)
where d is defined in Eq. (6). Let
denote the Associated
Legendre Polynomial [1] of first order and degree l. Define
the angular functions
Pl1

dP 1 (µ)
Pl1 (µ)
, τl (µ)= l
.
(13)
sin θ
dθ
Using (11,12,13), define the amplitude scattering functions
∞
 λ

P
2l+1
λ
S1λ (µ, r|m) =
(14)
l(l+1) al πl (µ)+bl τl (µ) ,
πl (µ)=

S2λ (µ, r|m) =

l=1
∞
P

l=1

2l+1
l(l+1)




aλl τl (µ)+bλl πl (µ) .

Figure 4. Logarithm of fλMie (µ, r|m), normalized over θ, for
λ=660 nm.
[Green, Blue] Single sphere Mie scattering.
[Red] Mie scattering by Gamma-distributed spheres. The size
integration smoothes-out high-frequency oscillations. [Black] A
Henyey-Greenstein function does not express the complexity of
Mie scattering.

(15)

With these definitions, the Mie intensity scattering function
(Fig. 4) and cross-section are given respectively by
i
λ2 h
2
2
fλMie (µ, r|m)= 2 S1λ (µ, r|m) + S2λ (µ, r|m) , (16)
8π
∞
2 X

λ
σλMie (r|m)=
(2l+1)ℜ aλl (r|m)+bλl (r|m) , (17)
2π

2.3. Multiple Scattering: Radiative Transfer
In highly scattering media, a diffusion model for radiation scattering is applicable [6,40,41]. To avoid restriction
on scattering order, radiative transfer equations describe
transport of monochromatic radiation. Transmittance between points x1 , x2 is given by
 Z x2

Tλ (x1 , x2 ) = exp −
βλ (s)ds .
(18)
x1

Here βλ (s) is the extinction coefficient at s, a running point
on the segment between x1 and x2 . The extinction coefficient is comprised of molecular and particle extinction
(Eqs. 7,17).
Define x0 as the intersection of the boundary with a
ray originating at point x in direction −ω (Fig. 3). Let
IλBC (x0 , ω) denote boundary radiation at x0 , ω. The unpolarized4 non-emissive forward model of radiative transfer can be expressed by the following recursive equations,
per wavelength λ. They couple the radiance field Iλ to an
in-scatter field Jλ [8]
Iλ (x, ω) = IλBC (x0 , ω)Tλ (x, x0 ) +
Zx0
Jλ (x′ , ω)Tλ (x, x′ ) dx′ ,
Jλ (x, ω) =

for scatterers which are >λ apart [7].
3 Notations slightly differ from those older texts such as [7].

x

fλ (x, ω·ω ′ ) Iλ (x, ω ′ ) dω ′ .

(20)

4π

l=1

2 Accurate

Z

(19)

4 For

unpolarized sensors and source, polarized radiative transfer typically
affects results by .1% [23].

6742

In (20), fλ (x, ω·ω ′ ) is the effective scattering function at
x which is comprised of both Rayleigh and Mie scattering
(Eq. 8,16).

3. Spectral-band Integration
Equations (19,20) should be spectrally integrated in a
wavelength band Λ. This integration weights the illumination spectrum and sensor sensitivity at λ∈Λ. Passive imaging uses solar illumination, having approximately the spectrum B(λ) of a blackbody at temperature 5800◦ K. For unit
sensor sensitivity within Λ, and knowing Iλ (x, ω) for a unitary boundary illumination, we have
Z
IΛ (x, ω) =
Iλ (x, ω)B(λ)dλ,
(21)
λ∈Λ

with analogous expressions for JΛ (x, ω). Simulated spectral integration requires multiple renderings of (19) within
any spectral band. The numerical complexity is thus increased. This increase is exacerbated when solving an inverse problem. We therefore use an approximation which is
commonly used in remote sensing as well as computer vision models. It is valid if wavelength dependencies within a
spectral band are weak. This condition is met when narrow
bands are considered, in the absence of molecular absorption.
Using Eqs. (16,17), define spectrally-averaged Mie optical quantities
Z
1
Mie
(22)
σΛ
(r|m) = tot B(λ)σλMie (r|m)dλ,
BΛ
λ∈Λ
Z
1
fΛMie (µ, r|m) = tot B(λ)fλMie (µ, r|m)dλ,
(23)
BΛ
λ∈Λ

where BΛtot is the total spectral radiance in Λ. Define
Z
Mie
βΛ (ν) = n(r|ν)σΛ
(r|m)dr,
(24)
Z
fΛ (µ|ν) = n(r|ν)fΛMie (µ, r|m)dr,
(25)

 Z x2
βΛ (s)ds .
(26)
TΛ (x1 , x2 ) = exp −
x1

An approximate band-integrated radiative transfer is given
by
I¯Λ (x, ω) =IΛBC (x0 , ω)TΛ (x, x0 ) +
Zx0
J¯Λ (x′ , ω)TΛ (x, x′ ) dx′ ,
J¯Λ (x, ω) =

Z

4π

(27)

x

fΛ (x, ω·ω ′ ) I¯Λ (x, ω ′ ) dω ′ .

(28)

Figure 5. Two test cases, optically thick and thinner cumulus clouds, from an LES-generated cloud field. Rendered at
Λ=660±20 nm using Eq. (21). The clouds have maximum vertical optical depth of ∼20 and ∼10.

The approximation I¯Λ is fast to compute. Computing I¯Λ
requires one call to a radiative transfer numerical solver. In
contrast, (21) requires multiple calls to a radiative transfer
numerical solver (one per λ). Let Nspectral denote the number of spectral bands measured. To quantify the approximation error we define
X
kMIΛ −MĪΛ k1 /kMIΛ k1 . (29)
e = (1/Nspectral )
Λ

For clouds, this approximation is highly accurate.
We demonstrate the approximation (27,28)
by comparing renderings of a Large Eddy Simulator [37] (LES) cloud field (Fig. 5).
The bands
Λ= {445, 470, 550, 660, 865, 935} ±20 nm
yield
an
error of eΛ <0.1%.

4. Recovery: Bias and Complexity
Inversion seeks recovery of a scatterer distribution, while
a forward model (rendering) is a radiative transfer model.
Rendering (26,27,28) depends on the voxel-dependent function fΛ (ω·ω ′ ) and scalar βΛ both of which depend on
Λ. The function fΛ is expressed by at least two other
wavelength-dependent parameters: single scattering albedo
̟Λ and scattering anisotropy gΛ (first order angular moment of µ). A widely-used model, parameterized by gΛ ,
is the Henyey-Greenstein model [17,18,24,27], however, it
fails to express the complexity of Mie scattering (Fig. 4).
Parameterizing the scattering function using ad-hoc phenomenological parameters (̟Λ , gΛ ) may bias the recovery. Bias can be reduced using higher order angular
terms [16], resulting in a vector of parameters denoted
gΛ . Overall, the vector [βΛ , ̟Λ , gΛ ] has Nparams elements. For Nvoxels voxels, the forward model (26,27,28)
apparently depends on Nvoxels Nspectral Nparams distinct
values. Hence, tomography that relies on forward model
(26,27,28) is a problem whose dimensionality scales as
O(Nvoxels Nspectral Nparams ). This is inefficient, because
the phenomenological parameters are not independent
across wavelengths. All are derived from a few microphysical properties of the scatterers. The microphysical properties are wavelength-independent (with the exception of refractive index). Moreover, ignoring the inherent common
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denominator of all channels (microphysics), may result in a
less accurate recovery.

5. Microphysical Tomography
We dispose of multispectral phenomenological parameters βΛ , fΛ (ω·ω ′ ), gΛ etc. Instead, we parameterize
the medium by its microphysical properties, ν, which are
wavelength-independent. With this parameterization, inversion scales as O(Nvoxels Nparams ). Direct recovery of ν has
been done in 1D plane-parallel media [40,41,43]. We focus
on cases where m is known (Sec. 9 discusses a possible extension for unknown m). Tomography then seeks the size
distribution parameters ν(x)=[N (x), re (x), ve (x)] in 3D,
based on multiview projections of the scene [2].
Denote x̃ as voxel index. The microphysical vector at
this voxel is νx̃ . Define indicator functions for the voxel’s
spatial support Vx̃ and solid angle Vω̃ as


1 if ω∈Vω̃
1 if x∈Vx̃
, (30)
, 1ω̃ (ω)=
1x̃ (x)=
0 else
0 else
respectively. The continuous microphysical and radiance
fields can be interpolated as5
X
ν(x) =
νx̃ 1x̃ (x),
(31)
x̃

IΛ (x, ω) =

X

Λ
Ix̃,
ω̃ 1x̃ (x)1ω̃ (ω).

(32)

x̃,ω̃

Denote Ψ and I(Ψ) as vectors that respectively concateΛ
nate νx̃ and Ix̃,
ω̃ , across all voxels. The forward model
renders I(Ψ), given Ψ. Imaging is sampling of the radiance field at specific locations, directions and spectral
bands. Sampling is modeled by an operator M, resulting
model
in a modeled vector of measurements yΨ
=MI(Ψ). On
the other hand, an actual empirical system measures noisy
data, denoted by y. Using y, the inverse problem seeks to
recover an unknown medium Ψ. Generally, the solution
minimizes a cost function
model
Ψ̂ = arg min[D(y, yΨ
) + R(Ψ)],
Ψ

(33)

where R is a regularization term that expresses prior knowledge about Ψ, while D is a data (fidelity) term. The particular choice of R and D functionals affects the solution and
the minimization speed. Nevertheless, the core ability to
recover Ψ depends on the forward model.
The field Ψ has continuous-valued variables. Moreover,
model
rendering yΨ
depends continuously and smoothly on Ψ.
Hence, for efficient minimization, the gradient with respect
to Ψ can be exploited. An easily differentiable term is

5 Often,

model
D(y, yΨ
) = ky − MI(Ψ)k22 .

more elaborate interpolation schemes are employed [14].

(34)

Then,
∂I(Ψ)
∂D
⊤
=2 [MI(Ψ)−y] M
.
(35)
∂Ψ
∂Ψ
Here (·)⊤ denotes transposition. The gradient (35) can enable an efficient solution to Eq. (33).

6. Functional Gradients
We express the functional gradients directly on the microphysical properties vector ν. For a given size distribution, n(r|ν), Eqs. (22,23) are integrated, yielding an effective extinction coefficient and scattering function in a voxel
Z
Mie
βΛ (ν) = βΛRayl + n(r|ν)σΛ
(r|m)dr,
(36)
Z
fΛ (µ|ν) = fΛRayl (µ) + n(r|ν)fΛMie (µ, r|m)dr. (37)

In the atmosphere, with localized tornadoes as exception,
σλRayl and N Rayl due to air molecules vary slowly in space
and time. They are mapped over Earth using long established systems and are mainly a function of altitude. Threedimensional variations to derive are therefore attributed to
variations in ν. The gradients of (36,37) with respect to ν
are thus
Z
∂
∂n(r|ν) Mie
βΛ (ν) =
σΛ (r|m)dr,
(38)
∂ν
∂ν
Z
∂
∂n(r|ν) Mie
fΛ (µ|ν) =
fΛ (µ, r|m)dr.
(39)
∂ν
∂ν
For a Gamma-distribution (3), the derivatives with respect
to parameters (1,2) are:


−1
r
∂n(r|ν)
,
(40)
=Cr(ve −3) exp −
∂N
re v e
∂n(r|ν) r+2re ve −re
=
n(r|ν),
(41)
∂re
re2 ve
1
r
−1
∂n(r|ν) ψ( ve −2)−log re ve −1+2ve +rre
=
n(r|ν). (42)
∂ve
ve2
Here ψ=d log Γ(x)/dx is the digamma function. Equations
(40,41,42) are used to compute the integrals of (38,39). We
incorporate these functional gradients (Eqs. 38,39) into the
radiative transfer equations as follows. Define
Zx2
∂βΛ (ν)
∂
TΛ (x1 , x2 ) = −TΛ (x1 , x2 )
1x̃ (s)ds. (43)
∂νx̃
∂νx̃
x1

Then, using (27,28), the coupled equations describing the
radiance approximate gradient with respect to ν are
∂ ¯
∂
IΛ (x, ω) = IΛBC (x0 , ω)
TΛ (x, x0 ) +
∂νx̃
∂νx̃

Zx0 ¯ ′
∂TΛ (x, x′ )
∂ JΛ (x , ω)
TΛ (x, x′ )+J¯Λ (x′, ω)
dx′ (44)
∂νx̃
∂νx̃
x
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Figure 6. Recovery of microphysical parameters ν = {N, re , ve }. (a) Recovery of total number density, N , in 3D. [Bottom] Prior approach [35], assumes fixed microphysics, resulting in a recovery bias towards more droplets, due to a fixed smaller effective radius. (b)
Scatter plot of the recovered Mw . Color corresponds to altitude [km]. (c) Recovery of re as a function of altitude.

Z

′

∂fΛ (ω·ω |ν)
I¯Λ (x, ω ′ )
1x̃ (x)dω ′
∂νx̃
4π
Z ¯
∂ IΛ (x, ω)
fΛ (x, ω·ω ′ )dω ′ .
(45)
+
∂νx̃

∂ ¯
JΛ (x, ω) =
∂νx̃

4π

The coupling of Eqs. (44,45) makes the gradient computation highly complex, requiring recursion. Starting
with an initial guess of ν initial , a gradient-based update
(Eq. 35) is computed using an approximation that builds
upon Eqs. (44,45). The basic principle of the approximation ignores the second integral term in the gradient of J
(Eq. 45). This decouples the gradient of I from the gradient of J in the recursion of (44,45). See Ref. [35] for more
information about this approximation. This constitutes an
iterative algorithm for solving (33).

7. Numerical Simulation
The derived mathematical model and algorithm principles can be applied to various scattering media. We

use liquid water clouds as a case-study, recovering the
droplet size distribution parameters (Eqs. 1,2). We simulate an atmosphere with molecular Rayleigh scattering
and a liquid water cloud. For realistic complexity, an
LES [10,37] generates a cloud field. In this field, N
varies on a 3D grid, re varies only with altitude [28],
while vetrue =0.1 is constant within the cloud (Fig. 6).
R=0.1k∂z re k2 . For computational speed we pre-compute
(37,36,38,39) for re ∈[1, 25] µm and ve ∈[0.05, 0.4] with
steps of ∆re ≃0.25 µm and ∆ve ≃0.003.
For Mie computations (16,17) and microphysical integration (36,37), we rely on the publicly available code
of [15], which had been validated rigorously.6 A spherical harmonic discrete ordinate method (SHDOM) code [14]
renders measurements similar to those taken by the AirMSPI at 20m resolution [13]. The nine viewing zenith angles
are ±70.5◦ , ±60◦ , ±45.6◦ , ±26.1◦ , and 0◦ , where ± indicates forward/backward along a north-bound flight path.
Photon, quantization and dark noise are added according to
6 https://i3rc.gsfc.nasa.gov/
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Figure 7. (a) AirMSPI sensor onboard NASA’s high altitude ER-2 aircraft, acquiring multiple views of a domain over the Pacific ocean [35].
(b) Volumetric recovery using real AirMSPI data. (c) Novel view point and wavelength rendering. (d) Corresponding AirMSPI acquired
image. Artifacts evident in the rendered view are partially due to errors in the rigid-body registration of the cloud movement.

AirMSPI parameters. The spectral bands Λ considered here
are those of AirMSPI.
We analyze an atmospheric volume with dimensions of 0.64×0.72×20 km3 with cloud voxel size of
20×20×40 m3 . Pre-processing by space-carving [50] reduces the cloud domain that we seek to recover. For initialization, we used constant values
N initial =0 cm−3 , reinitial =15 µm, veinitial =0.4.

(46)

Convergence takes 100 iterations. The estimated effective
variance is v̂e =0.166. Recovery results for N , re , Mw
(Eq. 4) are shown in Fig. 6. Results are quantitatively assessed by the retrieved Mw at every voxel. The relative average error and total mass errors [2] are respectively
ǫ=

retrieved
retrieved
kMtrue
k1
kMtrue
k1
w −Mw
w k1−kMw
,
δ=
. (47)
true k
kMtrue
kM
k
1
1
w
w

The extinction βΛ (x) is transformed into N (x) using (3,36)
N̂ = R

−1

Ĉr(v̂e

−3)

β̂Λ − βΛRayl

Mie (r|m)dr
exp (− r̂erv̂e )σΛ

.

(48)

Using (48), our method can be compared to a prior approach [35], which estimates βΛ (x), assuming fixed microphysics (46). For fixed reinitial , veinitial (Eq. 46), method [35]
yields ǫ=48%, δ=−55%. Leveraging our full microphysical optimization reduces the errors to ǫ=40% and
δ=−8%. A spatial distribution of the recovered parameters
is given in Fig. 6.

8. Real-World Data: AirMSPI
We apply this approach to real measurements, captured
outdoors from multiple remote views at several bands, using
AirMSPI [13]. AirMSPI signals had undergone extensive
geometric and radiometric calibration, thus enabling highly
accurate quantitative measurements [13].
Pre-processing: Clouds are segmented from the ocean
(Fig. 9). Non cloudy pixels are used to estimate the ocean

albedo per Λ. Cloudy pixels were used to estimate the cloud
velocity, ∼11 m/s, and register the images (see Appendix).
3D recovery: A voxel resolution of 20×20×20 m3 is
used. Tomography is preformed using six of the eight spectral bands of AirMSPI (Fig. 7). The estimated cloud water
mass is ∼1070 kg. To assess the recovery, we render the
cloud at an unused band, 380±16 nm.

9. Discussion
This work derives a mathematical framework for 3D tomography of scatterer microphysics. It uses multispectral
multi-view 3D data. We believe this principle can impact various fields, including atmospheric science. The approach can be applied beyond remote sensing, in fields such
as computer graphics and bio-medical imaging, where the
model holds. This includes tissue, where incoherent scattering applies [25].
The non-convexity of the forward model makes gradientbased optimization (33-35) dependent on initial conditions.
Thus, recovery can be improved using more sophisticated
initializations and algorithms. Furthermore, recovery error
tends to grow with optical depth. This insight can lead to a
tailored regularization scheme.
The recovery error depends on the view and illumination
angles. For a fixed ve =0.1, we quantify
angular and spectral

sensitivities of re ∈ remin , remax =[5, 25] µm
χre (θ, Λ) =

Z

remax

remin

∂fΛ (µ|ν)
dre .
∂re

(49)

Figure 8 indicates high sensitivity in the forward peak (0◦ ),
rainbow and glory angles (140◦ , 180◦ ) and circa 120◦ in
the UV. Forward peak sensitivity implies that incorporating
ground measurements [2,26,27,50] is informative for effective radius recovery.
In applications where the scattering particles’ material is
unknown, an optimization procedure for m is required. The
sought microphysical parameter vector is then generalized
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Figure 8. Spectral-angular sensitivity, log [χre (θ, Λ)]. Black
stripes indicate Airborne Multiangle SpectroPolarimetric Imager
(AirMSPI) spectral bands [13].
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Figure 9. 3D registration process. A path of constant velocity minviews
imizes the distance from COM lines {ℓk }N
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Appendix : Registration
to ν=[N, re , ve , m] per x. Equations (38,39) become
Z
Z
∂
∂σ Mie
∂n Mie
βΛ (ν) =
σΛ dr + n Λ dr,
(50)
∂ν
∂ν
∂ν
Z
Z
∂f Mie
∂n Mie
∂
fΛ (µ|ν) =
fΛ dr + n Λ dr.
(51)
∂ν
∂ν
∂ν

The dependency of (16,17,22,23) on ν is only through m
Z
∂ Mie
1
∂ Mie
σΛ (r|m)= tot B(λ)
σ (r|m)dλ,
(52)
∂m
BΛ
∂m λ
λ∈Λ
Z
1
∂ Mie
∂ Mie
fΛ (µ, r|m)= tot B(λ)
f (µ, r|m)dλ, (53)
∂m
BΛ
∂m λ
λ∈Λ

where

 λ

∞
∂ Mie
∂al ∂bλl
λ2 X
(2l+1)ℜ
σλ (r|m)=
+
,
∂m
2π
∂m ∂m
l=1


λ2 ∂|S1λ |2 ∂|S2λ |2
∂ Mie
.
fλ (µ, r|m)= 2
+
∂m
8π
∂m
∂m

(54)

where ⋆=1, 2 and ℑ denotes the imaginary part. The dependency of (14,15) on m is through the coefficients (11,12).
Derivatives are thus computed by linearly superposing the
derivatives of (11,12):

′
∂bλl (r|m) zΨl (z)Ψ′′l (z)−zΨ′2
l (z)+Ψl (z)Ψl (z)
=
2
∂m
−i [ξl (d)Ψ′l (z)−mξl′ (d)Ψl (z)]

ℓk = {ok + tΩk

(57)
(58)

where z=md. See Ref. [20] for complete derivations of Mie
derivatives and stable computation procedures.

− ∞ < t < ∞}

(59)

Define a point-to-line distance as
D(ℓk , x) = kok −x − [(ok −x)·Ωk ]Ωk k2

(60)

To estimate a constant velocity v of a cloud, one view serves
as a reference frame denoted by k=0. The cloud’s apparent
3D COM is xCOM . Let ∆k be the time difference between
frame k and the reference frame, for which ∆0 =0. We estimate the 3D path of a moving COM by
{x̂COM , v̂} = arg min

(55)

The derivative of the modulus squared (Eq. 55) is given by
 λ

 λ
∂|S⋆λ |2
∂S⋆
∂S⋆
+ℑ(S⋆λ )ℑ
, (56)
=2 ℜ(S⋆λ )ℜ
∂m
∂m
∂m

′
∂aλl (r|m) zΨl (z)Ψ′′l (z)−zΨ′2
l (z)−Ψl (z)Ψl (z)
=
2
′
′
∂m
−i [ξl (d)Ψl (z)−mξl (d)Ψl (z)]

We describe the registration process used in Sec. 8. DeNviews
note the number of views by Nviews . Let {o}k=1
denote
cloud radiance center of mass (COM) coordinates in each
image. Each image COM corresponds to a particular ray
in 3D, with direction vector Ωk . Points on the COM ray
(Fig. 9) are thus

x,v

NX
views

D(ℓk , x+∆k v).

(61)

k=1

To enable tomographic reconstruction, we register
each measured image to the moving reference frame
{x̂COM +∆k v̂}.
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Chapter 5 Abbreviations and Notations
Abbreviations
3D
AirMSPI
CT
DOF
DoLP
DOP
L-BFGS

—
—
—
—
—
—
—

LES
LOS
MC
RTE
TOA
SHDOM
vSHDOM

—
—
—
—
—
—
—

Three dimensional
Airborne multi-angle spectro-polarimeter imager
Computational tomography
Degrees of freedom
Degree of linear polarization
Degree of polarization
Limited memory Broyden-Fletcher-Goldfarb-Shanno algorithm
Large eddy simulation
Line of sight
Monte-carlo
Radiative transfer equation
Top of the atmosphere
Spherical harmonics discrete ordinates method
Vector spherical harmonics discrete ordinates method

Notations
A1 , ..., A6
Ã4
a
α
b
β
c
C
Ce
χ
d, d0 , d45
δ
∆ψ

—
—
—
—
—
—
—
—
—
—
—
—
—

Gradient components
Approximate gradient component
Size weighted and spectrally function
AirMSPI covariance matrix noise weight
Gradient descent iteration index
Extinction
Gamma distribution normalization constant
Pixel noise correlation matrix
Co-variance matrix of the photo-electron readings
Gradient descent step
AirMSPI measurements
Dirac’s delta
Subframe width
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DoLP
DoLPRayl
DOP
E1 , E2
Ê1 , Ê2
e
`
η
, re , LWC
FSun
G
g
Γ
γ0
h
I
i
I
Id
ISingle
I46×46
J
Jd
J0 , J1 , J2
K
k
κ
l
Λ
λ
LWC
M
M
m̂1 , m̂2
µ
N

—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

Degree of linear polarization
Rayeleigh degree of linear polarization
Degree of polarization
Electric field components
Electric fields direction vectors
Electron measurements
Intersection of a ray with a voxel
AirMSPI parameters
Error measures
Solar irradiance
AirMSPI gain
Voxel index
Gamma distribution
AirMSPI parameter
Discrete field
Stokes unpolarized light component
Imaginary number
Stokes vector
Diffuse Stokes vector
Single scattering Stokes vector
Identity matrix
Stokes source vector
Diffuse Stokes source vector
Bessel functions
Interpolation kernel
Pixel index
AirMSPI modulation function
AirMSPI Subframe index
Blackbody radiation
Wavelength
Liquid water content
AirMSPI modulation function
AirMSPI modulation matrix
Meridional coordinates direction vectors
Scattering angle cosine
Total drop concentration
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Ngrid
Nλ
Nmu
Nmeas
Nphi
Npix
Nsub
Nviews
n
ω, ω 0
Ps , P
p11 , p12 , ...
PMie
PRayl
ψ
Π
ΠLWC
Πre
Q
r
R
re
remin
remax
ρw
S1 , S2
sa , ss , s
σa , σs , σ
σ̃
T
Θ
Θ
Θ̂
θ
U
V

—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

Number of grid points
Number of wavelengths
Number of of azimuth cosines
Number of measurements
Number of number of azimuth angles
Number of pixels
Number of subframes
Number of view points
Droplet size distribution
direction vectors
Single particle phase matrix and volume phase matrix
Phase matrix elements
Mie phase matrix
Rayleigh phase matrix
Subframe time parameter
Preconditioning matrix
LWC Preconditioning
Effective radius Preconditioning
Stokes component
Radius
Stokes measurement noise correlation
Effective radius
Minimum effective radius
Maximum effective radius
Water density
Scattering amplitudes
Single particle cross-sections
Effective cross-sections
Mass extinction coefficient
Transmittance
Unknown microphysical variables
Unknown microphysical variables vector
Estimated microphysical variables
Scattering angle
Stokes component
Stokes component
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$
%
ε
ϑ
ve
vemin
vemax
W
x, x0
xSun
ξ
y
yI
yI
yU
yQ
y
ẑ

—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

Single scattering albedo
Phase matrix normalization
Small number
Error measure
Effective variance
Minimum effective variance
Maximum effective variance
AirMSPI demodulation matrix
3D position
Intersection of solar ray with TOA
AirMSPI parameters
Measurement vector
Stokes measurement vector
Stokes I component measurement
Stokes U component measurement
Stokes Q component measurement
Measurement vector
Zenith direction vector
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Chapter 5

Polarization Scattering
Tomography
This chapter extends the scattering tomography framework we developed [57,
58] for three-dimensional (3D) retrieval of droplets via the polarization
state of light. Unpolarized Sun light, scattered by cloud-droplets, changes its
polarization state according to the droplet-sizes it interacts with. Polarimetric
measurements, therefore, can be used to infer the aforementioned droplet
size-distribution. Retrieval is made tractable by our approach and a retrieval
analysis of physically realistic synthetic clouds is presented.

5.1

Introduction

In recent years, there has been much interest in polarimetric imagers for
remote-sensing of both clouds and aerosols [20, 62, 22, 23]. This is due to the
crucial information, of particle size and type, that the polarization state of
electro-magnetic radiation carries. Nevertheless, operational remote-sensing
is hindered by the over-simplified 1D layered model typically employed.
The 1D model biases some retrievals [18] while leaving others completely
unresolvable. Shallow clouds, for instance, are a blind spot - partially due to
their unresolved scale in low-resolution sensors and partly due to their 3D,
non layered, nature.
The increased polarimetric interest and sensing capabilities have led to
the development of 3D polarized RT codes [25, 26] with an aim of improving
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retrieval algorithms. We develop a novel framework for 3D remote-sensing of
cloud properties using multi-view polarimetric measurements. We rely on the
vector Spherical Harmonics Discrete Ordinates Method [27, 24] (vSHDOM)
numerical solver and generalize the iterative inverse approach developed [57,
58] to suit polarimetric measurements.

5.2

Background

This section describes a bulk microphysical parameterization of scattering
media, the radiative transfer image formation (forward) model and the
relation between them.

5.2.1

Scatterer microphysical properties

Cloud water droplets are approximately spherical, having radius r. The
droplet size-distribution is denoted n(r). For remote-sensing purposes, n(r)
is parameterized using an effective radius and a dimensionless variance [43]

re =

R∞
0
R∞

r3 n(r)dr
,

ve =

r2 n(r)dr

R∞

(r−re )2 r2 n(r)dr

0

0

re2

R∞

.

(5.1)

r2 n(r)dr

0

A commonly used parametric size distribution, having empirical support [43]
is the Gamma-distribution (Fig. 5.1):
−1

n(r)=N cr(ve

−3)

exp[−r/(re ve )],

(5.2)

−1

where c=(re ve )(2−ve ) /Γ(ve−1−2) is a normalization constant and N is the
droplet number concentration
N=

Z∞

n(r)dr.

(5.3)

0

Let ρw be the density of liquid water. An important cloud characteristic is
the water mass density or Liquid Water Content (LWC) per unit volume
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(a)

(b)

Figure 5.1: (a) Normalized Gamma-distribution. The effective radius and
variance dictate the center and width of the size-distribution. The limit of
very low ve approaches a mono-disperse distribution. (b) Log-polar plot of
the Mie phase-function p11 induced by a single water sphere of radius r (c)
Log-polar plot of the effective phase-function hss p11 ir /σs induced by a small
volume which includes particles of different sizes.
defined as
4
LWC = πρw
3

Z∞

r3 n(r)dr.

(5.4)

0

5.2.2

Polarized light

Consider a beam of light defined in terms of two orthogonal components of
a random electric wave, E1 (t) and E1 (t), where t is time. The components’
direction vectors are Ê1 and Ê2 , respectively. The beam propagation direction
is ω = Ê1 ×Ê2 . It is convenient to define the polarized light state in terms
of the Stokes [43] vector I = (I, Q, U, V )> , where each component expresses
temporal expectation:
I = hE1 E1∗ + E2 E2∗ it ,

U = hE1 E2∗ + E2 E1∗ it ,

Q = hE1 E1∗ − E2 E2∗ it

V = ihE1 E2∗ − E2 E1∗ it
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(5.5)

√
Here i= −1. The unpolarized intensity is I. The degree of polarization
(DOP)
and linear
√
√ polarization (DoLP) are respectively defined as the ratios
2
2
2
Q +U +V /I ,
Q2 +U 2/I

5.2.3

Single scattering of polarized light

Light interaction with a single particle is described by a cross-section s(r, λ),
decomposed into scattering and absorption cross-sections, ss , sa respectively:
s(r, λ) = ss (r, λ) + sa (r, λ).

(5.6)

Denote the solar spectrum (Blackbody at temperature 5800◦ K) by Λ(λ).
Consider a narrow spectral band λ ∈ [λ1 , λ2 ]. Define size-weighted1 and
spectral-weighted average over some function a by
"
#
R∞ Rλ2
a(λ)Λ(λ)dλ n(r)dr
Z∞
0 λ1
1
a(r)n(r)dr, hair,λ =
hair =
,
(5.7)
N
Rλ2
0
N Λ(λ)dλ
λ1

respectively. Simulated spectral integration requires multiple renderings
within any spectral band. The numerical complexity is thus increased. This
increase is exacerbated when solving an inverse problem. We therefore use an
approximation, commonly used in remote sensing, of a single rendering with
spectrally-averaged optical properties. It is valid if wavelength dependencies
within a spectral band are weak. This condition is met when narrow bands
are considered, in the absence of molecular absorption. Macroscopic optical
cross-sections are then expressed as weighted averages2
σ = hsir,λ ,

σs = hss ir,λ ,

σa = hsa ir,λ .

(5.8)

Throughout the text, wavelength dependency is omitted for notation clarity,
however, it is used at specific points as needed. Scattering as a fraction of
the overall interaction [63] is expressed by the dimensionless single-scattering
1

The size integral of Eq. (5.7) is practically terminated at rmax = 70µm.
This approximation [43] holds for scatterers that are > λ apart, and a narrow spectral
band.
2
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albedo
$=

σs
.
σ

(5.9)

The extinction coefficient, or optical density is β=N σ.
Following Eqs. (5.3,5.4,5.8), β is expressed in terms of the LWC
β=

LWC

σ
4
3
3 πρw hr ir

= LWC · σ̃.

Here σ̃ is the mass extinction coefficient (in units of

(5.10)
m2/gr).

Let ω and ω 0 be the incident and scattered ray direction vectors respectively (Fig. 5.1). Single-scattering geometry is defined by the local coordinate
system of the incoming beam’s electric fields. The electric field of incoming
light is decomposed into components along orthogonal directions,
Ê1 =

ω×ω 0
,
kω×ω 0 k

Ê2 = Ê1 ×ω.

(5.11)

The scattering angle is θ = arccos(ω·ω 0 ) and µ = cos θ is its cosine. The
angular redistribution of singly-scattering light from a sphere of is defined
by the 4×4 dimensionless Mueller matrix Ps (θ, r). The macroscopic phase
matrix is the weighted average
P(θ) =

hss Ps ir,λ
.
σs

(5.12)

For randomly oriented particles, the phase-matrix P(θ) takes the following
symmetric form [43]


p11 (θ) p21 (θ)
0
0

p (θ) p (θ)
0
0
 21

22
P (θ) = 
,
 0
0
p33 (θ) −p43 (θ)
0
0
p43 (θ) p44 (θ)

(5.13)

where p11 is the (unpolarized) scattering phase-function. In single-scattering
of unpolarized incident light (Sunlight), the DoLP of scattered light amounts
to the ratio |p21 |/|p11 |.
Rayleigh Scattering
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Solar
ith

Hemispherical
sensor

Surface Lambertian albedo = 0.01

(a)

(b)

Figure 5.2: (a) Hemispherical sensor imaging a pure Rayleigh atmosphere
of optical depth 0.2 and a Lambertian surface whose albedo is 0.1. (b)
Simulated DoLP images using vSHDOM [24]. Zero DoLP appears at the
solar backscatter angle (θ=180◦ ). Maximum DoLP is at scattering angle
θ∼90◦ .

The Rayleigh model describes light scattering by particles much smaller than
the wavelength. The Rayleigh phase matrix takes the following form [14]
3



PRayl (θ) = 


4

1 + cos2 θ
− 34 sin2 θ
0
0



3
4

− 34 sin2 θ

1 + cos2 θ
0
0

0
0
3
2 cos θ
0

The single-scattering DoLP due to air molecules is then
DoLPRayl (θ) =

sin2 θ
.
1 + cos2 θ


0
0 

.
0 
3
2 cos θ

(5.14)

(5.15)

According to Eq. (5.15) a maximum DoLP is attained at single-scattering
angle θ = 90◦ . For illustration, Fig. 5.2 shows a full RT simulation of a pure
Rayleigh atmosphere with optical depth of 0.2 over a Lambertian surface.
Mie Scattering
Mie theory describes how a light wave interacts with a spherical particle of
size comparable to λ [10]. Mie scattering is defined in terms of complex71

valued amplitude scattering functions3 S1 (µ), S2 (µ) which correspond to
scattering of the E1 , E2 electric field components of Sec.5.2.2. Scattering of
the Stokes vector I is described by the phase matrix PMie (µ) which is fully
defined by six matrix components
%
∗
∗
Mie %
∗
∗
Mie %
∗
∗
pMie
11 = (S1 S1 + S2 S2 ) , p12 = (S1 S1 − S2 S2 ) , p22 = (S1 S1 + S2 S2 ) ,
2
2
2
%
∗
∗
Mie %
∗
∗
Mie %
∗
∗
pMie
33 = (S1 S2 + S2 S1 ) , p43 = (S1 S2 − S2 S1 ) , p44 = (S1 S2 + S2 S1 ) .
2
2
2
Here % is a normalization constant, set to satisfy
1
2

Z1

pMie
11 (µ)dµ = 1.

(5.16)

−1

Mie scattering due to water droplets produces peaks at specific angles.
For a single droplet or mono-disperse material, PMie has sharp scattering
lobes at angles which depend on the droplet’s r/λ ratio. A macroscopic
voxel contains droplets in a range of radii r, thus the scattering lobes are
smoothed. The smoothing effect depends on ve (Figs. 5.3) and the spectral
bandwidth ∆λ = |λ2 −λ1 | (Fig. 5.3). Two angular domains that stand out
for remote-sensing purposes are the cloud-bow (θ ∈ [135◦ , 155◦ ]) and glory
(θ ∈ [175◦ , 180◦ ]). Both domains have peaks which are sensitive to the
droplet microphysical parameters, and are significantly polarized (i.e. peaks
are visible in the pMie
12 component). The latter fact renders these peaks
distinguishable in the presence of a multiply-scattered signal component.

5.2.4

Multiple scattering of polarized light

The Radiative Transfer Equation RTE [14] describes multiple-scattering
interactions of monochromatic partially polarized light within a medium.
The transmittance between two points x1 , x2 is
 x

Z2
T (x1 →x2 ) = exp − β(x)dx.
(5.17)
x1

3

For a full mathematical description, see [10].
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glory

cloudbow

Figure 5.3: Phase matrix element −pMie
12 around the cloud-bow and glory
regions. For highly disperse droplet distributions (large ve ) the secondary
lobes of the cloud-bow (θ ∼ 140◦ ) and glory (θ ∼ 180◦ ) diminish. The
main cloud-bow peak is slightly sensitive to λ or ve . The sidelobe angles
are more sensitive to λ and re . The sidelobe amplitude is sensitive to ve .
This cloud-bow signal is helpful for retrievals of re . [Right plot] Solid lines
indicate monochromatic light. Dashed lines indicate spectral averaging over
a ∆λ=100nm bandwidth.

Define an atmospheric domain Ω with boundary ∂Ω. Define x0 (ω) as the
intersection of the ∂Ω with a ray originating at point x in direction −ω.
Denote the vector Stokes vector field as I (x, ω). Let I(x0 , ω) denote the
Stokes vector at boundary point x0 (ω) and direction ω. The non-emissive
forward model of RT can be expressed by the following equations [14], which
couple I (x, ω) to a vector field denoted J (x, ω) (Fig. 5.4):
I (x, ω) = I(x0 , ω)T (x0 →x) +
J (x, ω) =

$(x)
4π

Z

4π

Zx

x0


J(x0 , ω)β(x0 )T x0 →x dx0 ,



P x, ω·ω 0 I x, ω 0 dω 0 .

(5.18)
(5.19)

Eqs. (5.18-5.19) are solved numerically, either directly with an explicit
solver [24] or indirectly using a Monte-Carlo path tracer [66]. We use vSHDOM [24] to simulate scattered Stokes components of a realistic atmosphere,
having both Mie and Rayleigh scattering due to water droplets and air
molecules.
Multiple scattering interactions are defined using two coordinate systems.
A local scatterer coordinate system (Ê1 , Ê2 ) (see Sec. 5.2.2,5.2.3). Stokes
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(a)

(b)

Figure 5.4: (a) Light scatters in the medium, generally multiple times,
creating a partially polarized (vector) scatter field J (Eq. 5.19). Integration
yields the partially polarized (vector) light field I (Eq. 5.18). I(xk , ωk ) is a
pixel measurement at the TOA. ISingle Is the single-scattered contribution
from x0 (b) Ray tracing of a line-integral over a discretized voxel field h[g]
(zero-order interpolation).

measurements in satellites, however, are defined by a Meridional coordinate
system. Let ẑ denote the zenith direction vector at every point on Earth. In
the Meridian coordinate system, the electric field components are defined by
direction vectors
m̂1 =

ẑ × ω
,
kẑ × ωk

m̂2 = ω × m̂1 .

(5.20)

Each pixel Stokes measurement is described by a coordinate system defined
by m̂1 and m̂2 . The transformation between the two coordinate systems
amounts to a multiplication of I by a Mueller rotation matrix.

Sampling I (x, ω) at the location f each camera and direction of each
camera pixel yields the measured Stokes vector. A measurement k is done
at the camera position xk and line-of-sight (LOS) direction ωk (Fig. 5.4).
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Eqs. (5.18-5.19) yield the pixel measurement model
I[k] = I (x0 , ωk ) T (x0 →xk ) +


Zxk
Z
0



 $(x ) P x0 , ωk ·ω 0 I x0 , ω 0 dω 0  β(x0 )T x0 →xk dx0 . (5.21)
4π
x0

5.2.5

4π

Single-scattering separation

It is often convenient to separate the single-scattering contribution from
the rest of the radiance field [27]. The solar irradiance at the top of the
atmosphere (TOA) is FSun . It is unoplarized, thus corresponds to a Stokes
vector FSun = (FSun , 0, 0, 0)> . The Sun is modeled as an ideal directional
source with direction ωSun . A sunray heading to point x intersects the TOA
at point xSun . The solar transmittance is given by T (xSun →x). Let δ denote
Dirac’s delta. Thus, I can be written as a sum of the diffuse component Id ,
and direct solar component:
I (x, ω) = Id (x, ω) + δ (ω−ωSun ) FSun T (xSun →x) .

(5.22)

Inserting Eq. (5.22) into Eq. (5.19) yields the following expression for J
J (x, ω) = Jd (x, ω) +
where

$(x)
P (x, ω·ωSun ) FSun T (xSun →x) ,
4π

$(x)
Jd (x, ω) =
4π

Z

4π



P x, ω·ω 0 Id x, ω 0 dω 0 .

(5.23)

(5.24)

A camera pixel at xk directed to ωk measures I(xk , ωk ). Part of the signal is
comprised of direct sunlight scattering at point x0 and reaching the camera.
The path xSun →x0 →xk is a broken-ray (Fig. 5.4). Using Eqs. (5.18,5.23),
the single-scattered contribution from x0 is expressed as

ISingle xSun →x0 →xk =



$(x0 )
β(x0 )P x0 , ωk ·ωSun FSun T xSun →x0 T x0 →xk .(5.25)
4π
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Thus, the entire single-scattered signal accumulates contributions along the
LOS
Zxk

ISingle (xk ) = ISingle xSun →x0 →xk dx0 .
(5.26)
x0

5.2.6

Ray tracing

Ray tracing computes a function over a straight line through a 3D domain.
A common operation is path-integration (e.g. Eqs.5.17,5.18). Let h(x) be a
continuous field. Define a grid of discrete points xg , where g = 1, 2, ..., Ngrid .
Denote h[g] = h(xg ). A path-integral over h(x) is numerically computed
using an interpolation kernel K
Ngrid
Zx2
Zx2
X
h(x)dx =
h[g] K (x − xg ) dx.
g=1

x1

(5.27)

x1

For zero-order interpolation (i.e. voxel grid), Eq. (5.27) degenerates to
Ngrid
Zx2
X
h(x)dx =
h[g]`g (x1 →x2 ) ,

x1

(5.28)

g=1

where `g (x1 →x2 ) is the intersection of the path with voxel g (Fig. 5.4).
`g (x1 →x2 ) =0 for voxel indices g that do not intersect the path x1 →x2 .

5.3

Cloud Tomography

We seek to recover cloud microphysical properties on a 3D grid. Voxel g
is characterized by a vector of unknown parameters (LWC[g], re [g], ve [g]).
Thus, the unknown microphysical parameters are concatenated to a vector
of length 3Ngrid

>
Θ = LWC[1], re [1], ve [1], ..., LWC[Ngrid ], re [Ngrid ], ve [Ngrid ]
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(5.29)

Figure 5.5: A homogeneous cubic cloud illuminated with solar radiation
at a zenith angle of 15◦ off-nadir. The solar azimuth angles are φ0 =
[0.0◦ , 22.5◦ , 45◦ , 77.5◦ ]. Outgoing Stokes I is simulated at AirMSPI resolution
and wavelengths, with AirMSPI measuring along a North-bound track.
Neglecting circular polarization, each pixel measures4 a Stokes vector, yI =

yI , yQ , yU at Nλ wavelengths. Let Nviews and Npix denote the number of
view points and pixels, thus, the total number of Stokes measurements is
Nmeas =Nλ Nviews Npix . the measurement vector of length 3Nmeas is expressed
as
>
y = yI [1], ...., yI [Nmeas ] .
(5.30)

In the following sections we formulate the use of measurements y (multi-view,
multi-pixel, multi-spectral, polarimetric measurements) for tomographic
retrieval of Θ (3D volumetric cloud denisty and microphysics).

5.3.1

Polarimetric information

To make an initial assessment of the sensitivity of polarimetric measurements,
we simulate a simplistic homogeneous cubic cloud (Fig. 5.5), parameterized
by two micro-physical parameters: (LWC, re ). Back-scattered Stokes measurements are taken at the top of the atmosphere (TOA) at AirMSPI angles
and wavelengths. Define I[k], U [k], Q[k] as simulated Stokes components at
wavelength λ and pixel index k. Define a cost function for each of the Stokes
4

Stokes components are not measured directly. Rather, they are computationally
retrieved (see Sec 5.5)]).
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Figure 5.6: Logarithm of the 2D cost manifolds for a 2-parameter homogeneous cubic cloud (Fig. 5.5). Each column of plots corresponds to the
cost of the different Stokes components (Eqs. 5.31-5.33). Each row of plots
corresponds to a different Solar azimuth angle φ0 .

components
DI (LWC, re ) =
DQ (LWC, re ) =
DU (LWC, re ) =

NX
meas
k=1
NX
meas

k=1
NX
meas
k=1

(I[k] − yI [k])2 ,

(5.31)

(Q[k] − yQ [k])2

(5.32)

(U [k] − yU [k])2 .

(5.33)

Eqs. (5.31-5.33) are 2D manifolds. Fig. 5.6 plots the cost manifolds for
different solar azimuth angles, φ0 . While there is an ambiguity between LWC
and re when relying on DI , there are better defined minima for DQ and DU ,
indicating the additional information provided by polarization measurements.
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5.3.2

Inverse problem formulation

Denote IΘ as the image formation model. Tomography can be formulated
as a minimization over a data-fit function. We preform
Θ̂ = arg min D (IΘ , y) = arg min (IΘ − y)> Σ−1 (IΘ − y) ,
Θ

(5.34)

Θ

where Σ is the co-variance matrix of the measurement noise. For brevity, we
omit the subscript Θ but remember that
I ≡ IΘ ,

J ≡ JΘ ,

β ≡ βΘ ,

$ ≡ $Θ ,

P ≡ PΘ ,

T ≡ TΘ .

(5.35)

Assuming noise in different pixels is uncorrelated, Eq. (5.34) degenerates to
Θ̂ = arg min
Θ

NX
meas
k=1

(I[k] − yI [k])> R−1 (I[k] − yI [k]) ,

(5.36)

The matrix R depends on the particular sensor technology. Description of R
tailored to the AirMSPI [22] sensor is detailed in Sec 5.5. To solve Eq. (5.36),
we use a gradient-based approach. The gradient with respect to the unknown
parameters Θ is written as
∇Θ D (IΘ , y) = 2

NX
meas
k=1

>
I[k] − yI [k] R−1 ∇Θ I[k].

(5.37)

The term ∇Θ I[k] is the Jacobian of the sensing model. Eq. (5.37) is used to
formulate an update rule for an iterative optimization algorithm
Θb+1 = Θb − χb ∇Θ D (IΘ , y) ,

(5.38)

where b denotes iteration index and χb is a scalar. We use L-BFGS [92] for
numerical optimization. One approach to computing the gradient ∇Θ D is
the Adjoint RTE [24]. Due to the recursive nature of the RTE, computing the
gradient through the exact Jacobian ∇Θ I[k] is computationally expensive.
In the following sections, we derive a method to make the computation of the
gradient tractable and efficient. We do that by approximating the Jacobian
∇Θ I in a tractable way, using a two-step iterative algorithm inspired by
works which use the scalar RTE [57, 58] as a forward model.
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vSHDOM parameters
Fixed for a single iteration

Pre-computed
spectrally averaged
Mie tables

RTE (rendering)

L-BFGS
step

Approximate gradient

Optimization parameters

Preconditioning

Figure 5.7: A block diagram of the iterative algorithm described in Sec. 5.3.3.
Red marks hyper-parameter. Numerical parameters of vSHDOM and LBFGS are summarized in Table 5.1

5.3.3

Iterative solution approach

We formulate an iterative algorithm which alternates between two steps.
Starting with an initial guess, Θ0 , Step 1 uses vSHDOM to compute the
forward (recursive) RT equations, thus render synthetic images according to
the multi-view geometry, spectral bands and spatial samples of the cameras.
Keeping Id fixed, Step 2 efficiently computes an approximate gradient with
respect to Θ. The approximate gradient is fed into an L-BFGS step to
update the current estimate Θb . See the block diagram in Fig. 5.7 for an
overview.
Step 1:

RTE Forward Model

The first step in the estimation approach is running a forward model
(Eqs. 5.18-5.19) using a numerical RTE solver. This requires transforming
micro-physical to optical properties at every voxel and spectral band
LWC[g], re [g], ve [g]

−→

β λ [g], $λ [g], Pλ [g] g = 1, ..., Ngrid (5.39)

Implementing Eq. (5.39) using Eqs. (5.8-5.12) during each optimization iter

ation can be time-consuming. Therefore, define grids re ∈ remin , ..., remax and
 min

ve ∈ ve , ..., vemax , for which lookup tables σ̃ λ (re , ve ) , Pλ (re , ve ) , $λ (re , ve )
are pre-computed. With these pre-computed tables and {LWC[g], re [g], ve [g]}
vSHDOM [24], renders the Stokes vector at each 3D voxel and direction.
This is a forward-model process.
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Step 2:

Approximate Jacobian Computation

The forward vRTE model (Eq. 5.21) depends on optical properties
(β, $, P), which themselves depend on the sought microphysics. The Jacobian at voxel g is expressed by applying the chain-rule to Eq. (5.21). For
example, the derivative with respect to the effective radius is
∂I[k] ∂β[g]
∂I[k] ∂$[g]
∂I[k] ∂P[g]
∂I[k]
=
+
+
.
∂re [g]
∂β[g] ∂re [g] ∂$[g] ∂re [g] ∂P[g] ∂re [g]

(5.40)

In analogy, replacing re in Eq. (5.40) with LWC or ve yields the respective microphysical derivatives. We proceed by expressing the derivatives
∂{β, $, P}/∂{LWC, re , ve }. Subsequently we expand and combine the derivatives ∂I/∂{β, $, P} to express Eq. (5.40).

For each voxel, the derivatives of (β, $, P) with respect to the microphysics are calculated using pre-computed tables
∂β
= σ̃(re , ve ),
∂LWC
∂$
= 0,
∂LWC
∂P
= 0,
∂LWC

∂β
σ̃(re +εre , ve )−σ̃(re , ve )
=
,
∂re
εre
∂$
$(re +εre , ve )−$(re , ve )
=
,
∂re
εre
∂P
P(re +εre , ve )−P(re , ve )
.
=
∂re
εre

(5.41)
(5.42)
(5.43)

Similarly, tables for ve can be precomputed. We proceed to expand Eq. (5.40)
by expressing the derivative of I with respect to (β, $, P). We use the short∂
hand notation ∂g ≡ { ∂LWC[g]
, ∂r∂e [g] , ∂v∂e [g] }. For zero-order interpolation
(see Sec. 5.2.6), using Eqs. (5.17,5.28), the transmittance derivative is
∂g T (x1 →x2 ) = −T (x1 →x2 ) `g (x1 →x2 ) ∂g β.

(5.44)

Thus, the Jacobian is given by sum
∂g I[k] = A1 + A2 + A3 + A4 + A5 + A6 .
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(5.45)

Here
A1 = −`g (x0 →xk ) I (x0 , ωk ) T (x0 →xk ) ∂g β,
(5.46)
x

Z k
Z

 0
∂g $
0
0
0
0
A2 = `g (x0 →xk )
P x , ωk ·ω I x , ω dω ×
4π
x0
4π
 0
0
0
β(x )T x →xk dx ,
(5.47)
A3 = `g (x0 →xk )

Zxk 

x0

0

A4

A5

0

$(x0 )
4π

Z

4π



0




∂g P x0 , ωk ·ω 0 I x0 , ω 0 dω 0

β(x )T x →xk dx ,

Zxk 
Z

 0
$(x0 )
0
0
0
0
=
P x , ωk ·ω ∂g I x , ω dω ×
4π
x0
4π

0
0
β(x )T x →xk dx0 ,
Zxk


= `g (x0 →xk ) [∂g β] J x0 , ωk T x0 →xk dx0 ,



×

(5.48)

(5.49)
(5.50)

x0

A6 = −`g (x0 →xk ) [∂g β]

Zxk

x0



J x0 , ωk β(x0 )T x0 →xk dx0 .

(5.51)

Note that I (x, ω) and J (x, ω) were computed at Step 1. Eq. (5.49) requires
the derivative of I which is computationally expensive. Because I is computed
recursively (through the RTE), a change in the microphysics of one voxel
can recursively affect the radiance at every other voxel. To avoid this
computational complexity we derive an approximation. Using the diffuse-
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direct decomposition of Eq. (5.22) we express Eq. (5.49) as
A4 =

+

Zxk 

x0
Zxk 

$(x0 )
4π

Z

4π

$(x0 )
4π

Z

4π

x0




 0
0
0
P x , ωk ·ω ∂g Id x , ω dω β(x0 )T x0 →xk dx0 .
0

0

0

0

0

P x , ωk ·ω δ ω −ωSun


β(x )T x →xk dx0 .
0



0





FSun ∂g T (xSun →x) dω 0



(5.52)

The first term of Eq. (5.52) has a derivative of the diffuse component ∂g Id ,
wherein lies the recursive complexity. Thus, we approximate Eq. (5.52)
by keeping Id disjoint of Θ for a single iteration (i.e. ∂g Id ≈0). The second term in Eq. (5.52) has a derivative of the direct component which is
straight-forward to compute using Eq. (5.44). Thus, using the definition of
ISingle (xSun →x0 →xk ) (Eq. 5.25), we approximate Eq. (5.52) as
A4 ≈ Ã4 = [∂g β]

Zxk

x0



`g xSun →x0 ISingle xSun →x0 →xk dx0 .

(5.53)

Moreover, using Eqs. (5.18,5.44), A1 and A6 are combined to give
A1,6 = A1 + A6 = − [∂g β] I (xg , ωk ) .

(5.54)

Overall, the Jacobian used in our iterative procedure to approximate Eq. (5.45)
is
∂g I[k] = A1,6 + A2 + A3 + Ã4 + A5 .

(5.55)

`g (x0 →xk ) =0 voxels that are not on the LOS of pixel k. Therefore, all
the terms in Eq. (5.55), except Ã4 , are computed using a single path tracing
xk →x0 . Contrary, the term `g (xSun →xk ) in Eq. (5.53) contributes to voxels
outside of the LOS. Ã4 is computed with a broken-ray path xk →x0 →xSun
(see illustration in Fig. 5.4). Eqs (5.46-5.52) formulate the Jacobian in terms
of a voxel grid (zero-order interpolation). However, in practice we use a
trilinear interpolation kernel K (Eq. 5.27), consistent with vSHDOM internal
interpolation [27].
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×

vSHDOM

L-BFGS

Nµ

Nφ

Splitting accuracy

gtol

gtol

maxls

8

16

0.1

1e−16

1e−16

30

Table 5.1: Numerical parameters. For vSHDOM parameter definitions see
Ref. [27]. For L-BFGS parameter definitions see Ref. [94]
Our approach alternates between Step 1 (RTE rendering) and Step
2 (approximate gradient) until convergence (Fig. 5.7). It requires hyperparameters for rendering with vSHDOM [13] and optimization with scipy
L-BFGS [92, 94]. Table 5.1 summarizes the numerical parameters used in
our simulations.

5.3.4

Numerical considerations

In this section we describe numerical considerations that stabilize the recovery.
Preconditioning
Multivariate optimization can suffer from ill-conditioning due to different
scales of the sought variables. Consider Eq. (5.38). Let Π denote the
preconditioner matrix. A preconditioned update rule takes the following
form
Θb+1 = Θb − χb Π−1 ∇Θ D (IΘ , y) .
(5.56)
We apply diagonal scaling matrix (Jacobi preconditioner) to scale the different
physical variables (LWC, re , ve ). Thus, Π takes the form


Π = diag ΠLWC , Πre , Πre , ΠLWC , Πre , Πre , ...., ΠLWC , Πre , Πre . (5.57)
In our simulations we used ΠLWC =15, Πre =0.01 to scale the parameters to
a similar magnitude and closer to unity upon initialization.
Initialization
The recovery is initialized by the estimation of a cloud voxel mask, which
bounds the cloud 3D shape. The 3D shape bound of the cloud is estimated
using Space-Carving [89]. Space-carving is a geometric approach of estimation
of a 3D shape bound via multi-view images. The following steps are preformed
in our space-carving algorithm
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1. Each image is segmented into cloudy and non-cloudy pixels (we use a
simple a radiance threshold).
2. From each camera viewpoint, each cloudy pixel back-projects a ray into
the 3D domain. Voxels that this ray crosses are voted as potentially
cloudy.
3. Voxels which accumulate “cloudy” votes in at least 8 out of the 9
AirMSPI viewpoints are marked as cloudy.
Outside of the shape bound, LWC=0 throughout iterations. Within the estimated cloud-shape bound, the volume content is initialized as homogeneous
with LWC=0.01 g/m3 , re =12µm. Then, inside of the shape-bound, LWC and
re change throughout iterations, possibly diminishing LWC.

5.4

Simulations

We simulate an atmosphere with molecular Rayleigh scattering and a liquid
water cloud. Rayleigh scattering is taken from AFGL measurements [5]
of summer mid-latitude up to 10km. Mie tables are pre-computed for
re ∈[4, 25] µm and ve = 0.1 with Nre = 100. The Sun is 15◦ zenith and 0◦
azimuth. The surface is Lambertian with albedo of 0.05. For realistic complexity, an LES [65] generates a cloud field, with voxel size of 20×20×40 m3 ,
where LWC varies on a 3D grid, re varies with altitude, while ve =0.1 is
constant. From this cloud field, two isolated cloudy regions are taken for
reconstruction:
1. Scene A: An atmospheric domain of dimensions 0.64×0.72×20 km3
with an isolated cloud (see synthetic AirMSPI nadir view in Fig. 5.8).
2. Scene B: An atmospheric domain of dimensions 2.42×2.1×8 km3 with
several clouds of varying optical thickness (see synthetic AirMSPI nadir
view in Fig. 5.11).
Synthetic measurements are parallel-rays rendered with the spatial and
angular resolution of AirMSPI [22] at 10m resolution and nine view zenith angles: ±70.5◦ , ±60◦ , ±45.6◦ , ±26.1◦ , 0◦ . Here ± indicates forward/backward
along the northbound flight path. The solar zenith angle is 15◦ off-nadir
on the measurement plane. We simulate measurements at the three polarized bands of AirMSPI: λ = [0.47, 0.66, 0.865] µm, with corresponding
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Figure 5.8: Scene A synthesized Stokes using vSHDOM. Nadir Bidrectional
Reflectance Factor (BRF). λ = 0.67µm.

spectral bandwidths of [45, 46, 47]nm. The measurements are synthesized
with realistic noise according to AirMSPI acquisition model (see Sec 5.5).
Qualitative volumetric results of the recovered LWC for Scenes A,B are
shown in Figs. 5.9,5.12 respectively. Scatter plots of the recovered LWC and
the recovery results of re for Scenes A,B are given in Fig. 5.10,5.13. For
quantitative assessment of the recovery we use local mean error , and global
bias measures [3] ϑ
LWC =

ˆ − LWCk1
ˆ 1 − kLWCk1
kLWC
kLWCk
, ϑLWC =
,
kLWCk1
kLWCk1
krˆe − re k1
re =
,
kre k1

(5.58)
(5.59)

The quantitative error measures upon convergence for the two scenes are:
Scene A: re ≈11%, LWC ≈30%, ϑLWC ≈ − 4%,
Scene B: re ≈13%, LWC ≈29%, ϑLWC ≈ − 5%.
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(a)

(b)

Figure 5.9: Scene A recovery results. (a) Slices of the true LES generated
cloud. (b) Slices of the estimated cloud using AirMSPI polarized bands.

5.5

AirMSPI Noise

The inverse problem defined in Sec. 5.3.2 is formulated in terms of Stokes
vector measurements (Eq. 5.30). However, Stokes vectors are not measured
directly. Rather, they are derived from intensity measurements taken through
filters. The raw intensity measurements have Poisson noise which is independent across different measurements. However, the estimation of Stokes
components from the intensity measurements yields correlated noise. In
this section, we describe the synthesis model we employ to generate realistic
noise. Our synthesis is based on the AirMSPI [32] sensor model. Furthermore, we derive the expression for R, which we use in the recovery process.
AirMSPI measures a modulated intensity signal at Nsub =23 subframes. Define a normalized frame which spans the unitless integration time interval
ψ ∈ [−0.5, 0.5]. Denote the center and length of each subframe as ψl and
∆ψ = 1/Nsub respectively. (Fig. 5.14). Define the following modulation
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Figure 5.10: Scene A recovery results. The fit correlation is 0.94 (a) Scatter
plot of the estimated vs. true LWC. (b) Recovery of the 1D effective radius.
γ0 (470)

γ0 (660)

γ0 (865)

ξ(470)

ξ(660)

ξ(865)

η

4.472

3.081

2.284

1.0

0.27

0.03

0.009

Table 5.2: Modulation parameters [32] used for synthesis of AirMSPI measurements. Wavelength is in nm.
function [32], whose parameters are given in Table 5.2:
M [l] = J0 [κ(ψl )] +




1 π∆ψ 2 2
γ0 (λ) J2 [κ(ψl )] − cos[2(πψl − η)]J0 [κ(ψl )] , (5.60)
3
2
with

q
κ(ψl ) = −2γ0 (λ) sin(πψl − η) 1 + cot2 (πψl − η).

(5.61)

Here J0 , J2 are the Bessel functions of the first kind of order 0 and 2,
respectively. Denote by ξ(λ) a wavelength-dependent ratio, which is drawn
from quantum efficiencies and spectral bandwidths5 of each AirMSPI band
(Table 5.2). Using simulated vSHDOM Stokes, AirMSPI measurements are
synthesised as passing through two polarization analyzing filters [32]. The k
5

For the exact calculation of the ratio see Eq. (24) of [32].
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Figure 5.11: Scene B synthesized AirMSPI nadir BRF. λ = 0.67µm.

pixel measurement is modeled by

d0 [l, k] = ξ(λ) I[k] + M [l]Q[k]

d45 [l, k] = ξ(λ) I[k] + M [l]U [k] ,

(5.62)
(5.63)

where I[k] is described by Eq. (5.21).

Define d[k] = (d0 [1, k], ..., d0 [Nsub , k], d45 [1, k], ..., d45 [Nsub , k])> . In matrix from, the transformations of Eqs. (5.62-5.63) are written using a 46×3
modulation matrix M
d[k] = MI[k].
(5.64)
The units of d are Watts. However, detection by AirMSPI is by a camera
which generates photo-electrons in each pixel well. The relation between d
and the expected unitless number of photo-electrons is given by a gain G.
The number of photo-electrons is random (Poissonian) around this expected
value. Electron counts are thus synthesized by a Poisson process
n
o
n
o
e[k] ∼ P oisson round (G · d[k]) = P oisson round (G · MI[k]) . (5.65)

The gain G is chosen to let the maximum signal at each camera view
(i.e. maximum over pixels, wavelengths and subframe measurements) reach
the maximum well depth of 200, 000 electrons, consistent with AirMSPI
specifications. Eq. (5.65) synthesizes raw AirMSPI signals including noise
(Fig. 5.8).

The synthesized AirMSPI signals are now used as inputs to our simulation.
Each pixel electron counts, e[k], is transformed into Stokes synthetic data
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(a)

(b)

Figure 5.12: Scene B recovery results. (a) Slices of the true LES generated
region. (b) Slices of the estimated region.

(Eq. 5.30) using a 3×46 demodulation matrix W
yI [k] = (M> M)−1 M> e[k] = We[k].

(5.66)

This measurement model yields correlated noise of different Stokes components. Thus, R−1 (5.36) is not diagonal.
Denote the diagonal co-variance matrix of the photo-electron readings by

e . Let I46×46 denote the Identity matrix. Due to the background
signal, comprised of unpolarized multiply-scattered light, the magnitude of
the modulated polarization signal is small. Thus, per pixel k, the diagonal
matrix C−1
e [k] is approximately constant with a global weight
C−1
e =diag

C−1
e [k] ≈ α[k]I46×46 .

(5.67)

Thus, for each pixel the Stokes co-variance matrix is
>
C−1 [k] = M> C−1
e [k]M ≈ α[k]M M.

(5.68)

A maximum-likelihood estimator corresponding to a Poisson process should
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Figure 5.13: Scene B recovery results. The fit correlation is 0.96 (a) Scatter
plot of the estimated vs. true LWC. (b) Recovery of the 1D effective radius.

ψ0

ψl

∆ψ = 1/Nsub

−0.5

0.5

Figure 5.14: A normalized frame spans the interval [−0.5, 0.5], evenly divided
into Nsub subframes.

have a weight α[k] ∝ 1/kek1 , to account for higher photon noise in brighter
pixels. In simulations, however, we found that α[k] = 1 worked better. This
is perhaps due to richer information carried by denser cloud regions, i.e.
brighter pixels. Overall the expression we minimize in Eq. (5.36) is
Θ̂ = arg min
Θ

NX
meas
k=1

(I[k] − yI [k])> M> M (I[k] − yI [k]) ,

i.e. R−1 = M> M.
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(5.69)

5.6

Discussion

We define and derive tomography based on polarimetric, multi-view, multispectral measurements of scattered radiation. We then present a first attempt
at tomography of cloud microphysics using vector radiative transfer as the
image formation model. We define a model-fitting error function and compute
approximate gradients of this function to make the recovery tractable. We
demonstrate recovery on synthetic LES clouds. In the examples we showed,
the effective radius is assumed to vary in 1D (vertically). Future work should
address the extent to which polarimetric measurements penetrate the cloud
and the relatability of re at the outer shell to re at the core. Furthermore,
future work may relax the fixed ve assumption in demonstrations, and assess
the effective variance retrieval capabilities of polarization measurements.
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Microscopic Life
This chapter was published as:
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Abbreviations
2D
3D
3D-POP
ART
Cryo-EM
CT
SNR
SPR
WHOI

—
—
—
—
—
—
—
—
—

Two dimensional
Three dimensional
Population size-distribution and 3D volume joint recovery
Algebraic reconstruction technique
Cryo-electron microscopy
Computational tomography
Signal to noise ratio
Single Particle Reconstruction
Woods Hole Oceanographic Institute

Notations
A
Anm
β(x)
β̂(x)
cn→m
cm→n
D
Dscale
Dshift
dens
rot
scale
F
G1
G2
G2
i
k
k1
k2
k3
L

—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

Affinity matrix
Affinity matrix element
Volumetric distribution
Estimated volumetric distribution
Common-line vector of images n, m in image n coordinates
Common-line vector of images n, m in image m coordinates
Cost function data term
Scale cost function data term
Shift cost function data term
Volume estimation error measure
Rotation estimation error measure
Scale estimation error measure
Fourier transform
Number of grid cells in axis 1
Number of grid cells in axis 2
Number of grid cells in axis 3
Imaginary number
3D frequency coordinates (k-space)
Horizontal frequency coordinate
Horizontal frequency coordinate
Vertical frequency coordinate
Length of an object in voxels
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Mn
Mn→m
M̄n
N
Nangle
Noffset
Nscale
O
PR
PΩ
P
φi
ψ
ψn→m
ψm→n
r
R
Rn
R̂n
R
Rscale
Rshift
R
ρ
ρmax
Σnm
σscale
θ
τn
τn2D
τn→m
U
V
v[x]
x
x1

—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

Scale of image n
Relative scale between image n and m
Log of the n image scale
Number of orientations
Number of angles in the grid search
Number of shifts in the grid search
Number of scales in the grid search
Global rotation matrix
Projection operator of a rotated sample
Set of projections
Set of pair-wise constraints
Random phase of the deformation field
Angular frequency coordinate (2D k-space)
Common-line angle of images n, m in image n coordinates
Common-line angle of images n, m in image m coordinates
Radial spatial coordinate
Rotation matrix
Rotation of the global coordinates to image n
Estimated rotation of the global coordinates to image n
Cost function regularization term
Scale cost function regularization term
Shift cost function regularization term
Real line
Radial frequency coordinate (2D k-space)
Cut-off radius
Cross-correlation function
Random scale standard deviation
Angular spatial coordinate
3D Shift of image n
2D Shift of image n
Relative shift between image n and m
Uniform distribution
Deformation amplitude
Deformation (vector) field
3D spatial coordinates
Spatial horizontal coordinate
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x2
x3
yn
yΩ
ỹ

—
—
—
—
—

Spatial horizontal coordinate
Spatial vertical coordinate (microscope axis)
An acquired image
Set of images
Polar Fourier transform of a 2D image
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Abstract
We achieve tomography of 3D volumetric natural objects, where each projected 2D image corresponds to a
different specimen. Each specimen has unknown random
3D orientation, location, and scale. This imaging scenario is relevant to microscopic and mesoscopic organisms, aerosols and hydrosols viewed naturally by a microscope. In-class scale variation inhibits prior single-particle
reconstruction methods. We thus generalize tomographic
recovery to account for all degrees of freedom of a similarity transformation. This enables geometric self-calibration
in imaging of transparent objects. We make the computational load manageable and reach good quality reconstruction in a short time. This enables extraction of statistics
that are important for a scientific study of specimen populations, specifically size distribution parameters. We apply
the method to study of plankton.

1. Introduction
The environment is teeming with microscopic and mesoscopic objects, whose study both structurally and as a population is central to science [39]. Examples include aerosols,
hydrosols, and small organisms which have wide varieties
of classes. It is possible to take samples to a lab and measure
their 3D statistics, while they are few and sit still. However,
such an approach has drawbacks. In a lab, organisms do
not behave as in nature. To minimize biasing nature, in-situ
microscopes are used, as illustrated in Fig. 1. There, and
also in many lab studies, specimens do not sit still. Hence
each image is of a different specimen at random orientation, scale, and location. Moreover, as there is a priority on
gathering large data, time may not be allocated to scan each
of the specimens in 3D using common microscopic methods. Due to the randomness of projection of volumetric objects, the data are not well amenable to 2D image analysis.
Thus, manual labor is used, greatly limiting the statistical
and structural understanding of nature. Consider plankton
(Fig. 2), mesoscopic organisms which are a fundamental
building block in the oceanic food chain. Their population
state is indicative of climate changes and the state of the
marine eco-system [17]. In-situ microscopes [39,40] give

Figure 1. A random set of moving organisms at different orientations and scales is imaged using a submerged microscope. Statistical tomographic reconstruction yields self-calibrated estimation of
the 3D density map, along with the unknown orientation and scale
of each sample. Estimation of the population’s size-distribution is
thus enabled, jointly with 3D recovery (3D-POP). Microscope 3D
model courtesy of Jaffe Lab.

high-temporal resolution in 2D [1,15], while 3D imaging of
fixated plankton is done in the laboratory [22,27].
To address these challenges, we seek in-situ volumetric
recovery and natural population statistics. In the case of biological specimens, this can provide high-quality estimates
of bio-mass [38] and size-distributions [6]. The idea is to
use an ensemble of 2D images, each of a different specimen, and recover all that is needed based on this random
data. Our aim is to recover a statistical 3D tomography of
microscopic life. Unlike common computational tomography [16,18,22] the images acquired are uncalibrated: the
rotation, scale, and locations of the specimens are random
and unknown.
We build on Single Particle Reconstruction (SPR) [12].
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Here x3 is the integration axis and x1 , x2 are the image axes.
Denote a set of N orientation matrices as

Figure 2. In-situ images of Pyramimonas Longicauda, from
the Woods Hole Oceanographic Institute annotated plankton
dataset [46]. Each organism has a different orientation and possibly scale, however, there is 3D structural resemblance.

In Cryo-Electron Microscopy (Cryo-EM) [25,34,52], multiple replicas of a molecule of a particular class are frozen.
Each molecule has a random unknown orientation. Organisms, however, have greater variations within a class. The
most dominant variation is scale. These variations cause
typical SPR algorithms to fail when applied to biological
ensembles. The task defined in this work is estimation of
the scale of each sample, in conjunction with the orientation and locations, as part of the volume recovery process.
As this task seeks recovery of 3D structure and the sizedistribution of a population, we denote it 3D-POP.
Meeting this challenge is computationally demanding.
However, it has become feasible with increasing computing
power. This feasibility is similar to enabling of other complex computer vision inverse problems, involving multiple
reflections, non-line-of-sight imaging [5,7], scattering media [19,21,23,24,28,29,51] and blind estimation [32,47,48].
In a sense, we tackle a problem of self-calibration and 3D
scene recovery. These topics were usually dealt in the context of opaque objects [2,35]. Under the microscope, however, many interesting organisms are transparent [20,33],
hence we need to generalize self-calibration to multi-view
imaging of transparent objects.

2. Theoretical Background
Computational tomography (CT) estimates a volumetric
density distribution using multi-view projections. This section describes core concepts of tomographic recovery and
orientation estimation using projections.

2.1. Tomography Using Known Orientations
Denote 3D spatial coordinates by x=(x1 , x2 , x3 )T ,
where (·)T denotes transposition. The orientation of a sample with volumetric distribution β(x) is defined by a 3D rotation matrix R. This rotation is relative to the microscope
reference frame. Define a projection operator of a rotated
sample as
Z

PR (β) (x1 , x2 ) = β R−1 x dx3 .
(1)

Ω= {R1 , ..., RN } .

(2)

β̂(x) = arg min {D [yΩ , PΩ (β)] + R(β)} ,

(3)

The sets of measured and modeled projections corresponding to the orientations are yΩ = {y1 , ..., yN }
and PΩ (β)= {PR1 (β), ..., PRN (β)}, respectively. Tomographic reconstruction seeks minimization of a reprojection cost
β

where R is a regularization term that expresses prior knowledge about β, while D is a data (fidelity) term. The particular choice of the functionals R and D affects the solution
and its computational speed.

2.2. Orientation Estimation
In most tomography applications, the rotation set Ω is
known. This is not the case in SPR or our problem domain: specimen appear at arbitrary, unknown orientations
in the projection imaging system. Here, 3D reconstruction
of β becomes coupled to the estimation of Ω. SPR approaches are roughly divided into two classes of algorithms:
reference-free and iterative refinement [11]. Iterative refinement methods use an initial {β(x), Ω}, then gradually adjust this set of unknowns to fit the data and priors similarly
to Eq. (3). This process is computationally complex [8],
thus slow.
To succeed in practice, a good initialization is required.
Such initialization is provided using reference-free reconstruction, which is dramatically faster: Ω is derived without
explicit recovery of β(x), and afterwards β(x) is estimated
in a single step. Due to the computational advantage, our
work focuses on a reference-free approach. The result can
subsequently serve as initialization for improvement. The
background for reference-free SPR is thus detailed.
Denote a 3D spatial frequency by k=(k1 , k2 , k3 ). The
3D Fourier transform of the volumetric object is
Z
F {β} (k) = β(x)e−2πix·k dx,
(4)

√
where i= −1. A central slice is a frequency-plane in
the 3D Fourier space, that passes through the origin, k=0.
For example, the domain of a horizontal frequency-slice is
[k1 , k2 , 0]T , ∀k1 , k2 ∈R. The domain of any central slice
can be written in terms of a rotated horizontal slice,
R−1 [k1 , k2 , 0]T .

(5)

Figure 3 illustrates two central slices in 3D Fourier space
(3D k-space). They intersect at a common tilt axis, also
termed common line.
The 3D Fourier transform of a volumetric object and the
2D Fourier transform of any projected image of this object
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3D k-space
cnm
ψn→m

→

n

Figure 5. A pair of central slices in the 3D Fourier domain are
equivalent to a pair of 2D Fourier images of the projected image
data. The common line is realized in the Fourier images by a line
at angles ψn→m and ψm→n according to the coordinate system.

common tilt axis
(common line)
Figure 3. Two central slices in the 3D Fourier domain. Blue represents the coordinate system of ỹn . Red represents the coordinate
system of ỹm . The slices intersect at a common tilt axis (common
line). It is perpendicular to the direction-vector of either projection.

2D Image PR (β )

2D Fourier

Define polar coordinates
x1 = r cos θ

k1 = ρ cos ψ

(7)

x2 = r sin θ

k2 = ρ sin ψ.

(8)

The 2D continuous polar Fourier transform [13] is
Zπ Z∞
f (r, θ)e−2πirρ cos(ψ−θ) rdrdθ.
F {f } (ρ, ψ) =

F {PR (β )}

π

Projection

ψm

2D k-space of
ỹm (ρ, ψ ′ )

2D k-space of
ỹn (ρ, ψ)

x2

cmn

k3

x3

F {β}

β
3D Fourier
x1

Central-slice

Rotated 3D specimen

k1

are related by the Central-Slice Theorem [41] (Fig. 4).

F {β} R−1 [k1 , k2 , 0]T = F {PR (β)} (k1 , k2 ) (6)

 

3D Fourier sampled on a
2D Fourier of a
=
rotated central slice

rotated projection

This theorem is at the core of Fourier-based tomography. It
is also a key for orientation estimation, based on the following common-line theory.

0

Let yn , ym be the n’th and m’th projected measured images. Respectively, denote the polar Fourier transform of
each image by ỹn (ρ, ψ) and ỹm (ρ, ψ ′ ). According to (6),
each empirical Fourier-image ỹn is equivalent to a central
slice of the 3D Fourier representation of an object. Recall
that a slice-pair intersects in a common line. This common line thus appears, theoretically, both in ỹn (ρ, ψ) and
ỹm (ρ, ψ ′ ), for particular angles ψ=ψn→m and ψ ′ =ψm→n
(Fig. 5). The angles ψn→m , ψm→n partly indicate the relative orientation of the two projections.
Define 2D unit row vectors (Fig. 3)

k2
Figure 4. Illustration of two main concepts: projection and the
central-slice theorem (Eq. 6). The 2D Fourier transform of any
projected image of a rotated object, F {PR (β)}, is equivalent to
the 3D Fourier of the volumetric object, sampled on a central slice
in the frequency domain.

(9)

cnm = [cos ψn→m , sin ψn→m ] ,

(10)

cmn = [cos ψm→n , sin ψm→n ] .

(11)

Recall from Eq. (1), that the matrices Rn , Rm express rotation relative to the microscope reference frame. These are
the matrices we seek to recover. They satisfy [52]
T
[cnm , 0]T = R−1
n Rm [cmn , 0] .

(12)

If the pairwise angles ψn→m , ψm→n are known
(i.e. cnm , cmn are set) then Eq. (12) is a constraint on the
relative 3D rotation between the 3D specimen that had
yielded the measured images yn , ym . Note that Eq. (12)
is invariant to a global rotation of the microscope frame
by matrix O, i.e., Rm → ORm and Rn → ORn . Thus
O is unresolvable. Furthermore, Fourier measurements
on the common line are also invariant to any rotation of
either Fourier central-slice about the common-tilt axis (see
Fig. 3). Hence (12) is not sensitive to a degree of freedom,
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which is the relative rotation angle around the common-tilt
axis [50]. However, if three images (projections) are used,
this degree of freedom is generally resolved [50].
Let there be N ≥ 3 measured images. Their transformed
set of Fourier-images is ỹn (ρ, ψ)≡F {yn } , n=1, ..., N .
Based on the pairwise linear constraints as (12), all rotations are estimated by
X
R̂1 , ..., R̂N = argmin
kRn cnm − Rm cmn k22 (13)
R1 ,...,RN

Simulated Projections

Figure 6. A Hydra polyp volume, observed in 3D, is randomly
shifted, scaled and projected onto 100 random orientations, shifts
and scales (Eqs. 16, 17). A subset of the projections is displayed.

Recovered density β̂

n6=m

Orientations

Scatter Plot
β̂

det(Rn )=1, n = 1, ..., N.

Here I is a 3×3 identity matrix. Due to non-convexity of
Eq. (13), a solution based on relaxation [52] is employed.

SPR

s.t.

Rn RT
n =I,

Ground Truth β

β

′

Σnm (ψ, ψ ) =

ρZmax

ỹn∗ (ρ, ψ)ỹm (ρ, ψ ′ )dρ.

(14)

−ρmax

Here ρmax is the radial frequency cap. Common-line detection can be achieved [52] by maximizing the normalized
cross-correlation


Σnm (ψ, ψ ′ )
ψ̂n→m
p
. (15)
= argmax′ p
ψ,ψ
ψ̂m→n
Σnn (ψ, ψ) Σmm (ψ ′ , ψ ′ )

Equations (13,14,15) derive the set Ω (Eq. 2), without explicit tomographic reconstruction of β.

3. Scale and Shift Estimation
Unlike molecules of a particular material, organisms of
the same genus usually exhibit great variability in size. This
leads to failure of typical object-free approaches, which fundamentally rely on Eqs. (14,15). Applying an SPR [52] approach to synthetic data, without scale estimation, results in
a poor recovery due to an inability to detect common lines.
We demonstrate this in simulations using a biologicallyrealistic spatial distribution model. The model was attained
by 3D imaging in the lab of a real organism: a Hydra
polyp (Fig. 6). Its length is in the order of a hundred microns. It was acquired with a fluorescence light sheet microscope [31], which fast scans the 3D object. We took the 3D
volumetric data and computationally projected it onto 100
orientations, simulating random uniform orientation sampled on the unit sphere. Each projection of size 200×200

3D-POP

Recall that Eq. (13) assumes ψn→m is known ∀n, m.
This means that a common line first has to be identified
in the 2D Fourier images taken from the observed data.
We describe a common method for common-line detection.
In both Fourier images ỹn , ỹm , consider pairs of radial
lines parameterized by the angles ψ, ψ ′ . Define a crosscorrelation function, based on the inner product between
ỹn (ρ, ψ), ỹm (ρ, ψ ′ ):

β̂

Pairwise Common-line Detection

β
Figure 7. [Top] An SPR recovery [52] without scale estimation.
From left to right: A 3D density map with a correlation coefficient
of ∼0.56 compared to ground-truth volume. For visualization, the
recovered density is cut-off at β < 0.1. Ground-truth (green) and
estimated (red) orientations on the unit sphere. A diluted scatter
plot (randomized 10% of data). [Bottom] 3D-POP recovery. The
correlation coefficient is ∼0.94.

pixels is then scaled and shifted uniformly (Fig. 6)
shift ∼ U (−10, 10) [pixels],

loge (scale) ∼ U (−0.7, 0.7) .

(16)
(17)

This sampling results in a scale difference of ×4 between
the largest and smallest Hydra length. After drawing samples, the computed numerical mean of log(scale) was subtracted to give a zero mean distribution.
To further realistically emulate imaging, photon (Poisson) noise statistics are synthetically applied. Here, it is assumed that in the simulated imaging system, each pixel has
full-well depth of 10000 photoelectrons. Hence the data has
peak signal to noise ratio (SNR) of 100 (40db). A standard
SPR recovery fails due to an inability to detect common
lines (Fig. 6 [Top]).
For our objective, we must estimate the scale Mn of the
object that appears in projection m. Had all observed organisms included a known spherical feature, then each image
would have included a projection of the sphere, indicating
Mn , ∀n. However, in general, an organism has a complex
structure and an anisotropic aspect ratio. Hence, we must
rely on the multi-view data to jointly derive the scales (and
rotations) of all individual organisms, each of which is projected only once. A scale Mn results in an inverted scale in
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the Fourier domain. We use this insight to generalize pairwise common-line detection.
Furthermore, organism samples are generally not centered consistently in images that are empirically acquired
at random. Therefore, any projection of an object may be
shifted by an unknown 3D offset τn . An orthographic projection yn is invariant to the component of τn along the projection axis. Let us focus on the complementing plane offset
in 2D, τn2D . In the 2D Fourier domain an offset creates a linear phase 2π[k1 , k2 ]T τn2D . This phase, as described below,
can be inferred from the data.
Equations (14,15) mean that for a Fourier pair,
ỹn (ρ, ψn→m ), ỹm (ρ, ψm→n ) the common line has matching content on a 1D domain −ρmax ≤ ρ ≤ ρmax . Since
relevant content is only on the common line (i.e. a function
of ρ), then only the linear-phase component of τn2D along
this line affects content for matching. The effect is a linear
phase difference, 2πρτ , where τ is a scalar-offset.
Denote a relative scale and offset between ỹn and ỹm as
Mn→m and τn→m , respectively. Let us generalize Eq. (14)
to
Σnm (ψ, ψ ′ , M, τ ) =
ρZmax

 ρ
, ψ ỹm (ρ, ψ ′ )e2πiρτ dρ.
ỹn∗
M

(18)

−ρmax

Eq. (15) is then generalized to

The discussion of how we practically solve Eq. (19) per pair
m, n is deferred to Sec. 4.
For the moment, assume that the set
(20)

is given. All these pairwise partial constraints of relative rotations, relative scales and relative offsets on common lines,
are now integrated into a large optimization problem that
seeks all geometric transformations. Fortunately, once the
pairwise constraints are given, the optimization problem is
separable, i.e., scales are recovered separately from offsets,
which are recovered separately from orientations. The latter is solved using Eq. (13), based on the angles derived in
Eq. (19). We are left with the task of recovering {Mn }N
n=1
and T = {τn2D }N
n=1 .
Denote M̄n = loge (Mn ), and M={M̄n }N
n=1 . Then
M̄n − M̄m = loge (M̂n→m ),

(22)

n6=m

If Mn is inflated to αMn , ∀n for a constant α, then the log
operation and difference in Eqs. (21,22) null the effect of
inflation. Hence, Dscale (M) is invariant to a global scale.
To assist the estimation process lock on a typical scale of
unity, define a regularization term
XN
Rscale (M) =
|M̄n |2 .
(23)
n=1

Using Eqs. (22,23), the minimization


M̂ = arg min Dscale (M) + Rscale (M)
M

(24)

ˆ .
is solved linearly. The scale of specimen n is M̂n = exp M̄
n
The set {τn2D }N
has
2N
unknowns.
The
pairwise
n=1
constraint τn→m is only indicative of the offset component
along the common axis between n, m. Using the row vectors defined in Eq. (10,11), the offset [45] satisfies
2D
ĉnm τn2D − ĉmn τm
= τ̂n→m .
(25)

N
There are 2 , linear constraints as (25), compounding all
pairs. A solution is obtained using N >5. A data term penalizes deviation from (25)
X
2
T
(26)
ĉT
Dshift (τ ) =
nm τn − ĉmn τm − τ̂n→m .
n6=m

{ψ̂n→m , ψ̂m→n , M̂n→m , τ̂n→m } =
Σnm (ψ, ψ ′ , M, τ )
p
p
. (19)
argmax
′
ψ,ψ ,M,τ
Σnn (ψ, ψ, M, τ ) Σmm (ψ ′ , ψ ′ , M, τ )

P = {ψ̂n→m , ψ̂m→n , M̂n→m , τ̂n→m }∀n,m

term which penalizes for deviations from (21)
X
2
Dscale (M) =
M̄n −M̄m − loge (M̂n→m ) .

(21)

where M̂n→m is obtained empirically in the pair-wise optimization (19). Compounding constraints as Eq. (21),
∀n, m, creates a linear system of equations. Define a data

A regularization term favoring minimum average shift is
XN
Rshift (τ ) =
kτn k22 .
(27)
n=1

Once again, we use regularized least-squares minimization,


(28)
τ̂ = min Dshift (τ ) + Rshift (τ ) .
τ

Following efficient optimizations (13,24,28), the offsets,
relative scales and rotations of the entire set of specimens
are directly estimated. This is done without explicit tomographic recovery of β from unknown specimen parameters. This efficiency relies on the availability of the pairwise
transformation parameters set P, as discussed next.

4. Coarse-to-Fine Parameter Estimation

The pairwise transformation parameters P are the root
of the estimation process. They are a result of Eq. (19), per
pair. The process we use to reach this optimum is described
here. The pairwise parameters interact bidirectionally with
global (inter-pair) estimation (13,24,28), as illustrated in
Fig. 8. The process has the following four elements.
A. Priors: Let Mmax be a maximum scale for a specimen, relative to the population’s mean specimen and
M̄max = loge (Mmax ). Let τmax be a maximum offset
of an image relative to the optical axis. The values of
Mmax , τmax are thus parameter priors.
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O(N 2 Nangle
Nscale Noffest ).

Pairwise Relations
(Find Edges)

age
Im

B. Grid search: Let us discretize the parameter domains.
The angle ψ is in a domain [−180◦ , 180◦ ], discretized to
Nangle values. The angle ψ ′ ∈[0, 180◦ ] is discretized to
Nangle /2 values. The scale logarithm, M̄ , is in a domain
[−M̄max , M̄max ], discretized to Nscale values. The offset τ
is in a domain [−τmax , τmax ], discretized to Noffset values.
On the entire set of N images, exhaustive search of (19) has
computational complexity

Density

Scale, Translate

(29)

For most specimen, 3D rotation has a strong impact on
the projected appearance. Hence, we prioritize angular
precision by a large Nangle (we used 180) in omnidirectional breadth. Consequently, to keep Eq. (29) manageable,
Nscale ,Noffest are small (we used 10 grid samples for each).
Following exhaustive search by Eqs. (18,19), a crude set of
pairwise parameters is obtained, denoted P0 . It serves as
initialization to global estimation by (24,28).
C. Global estimation, image correction: Equations (24,28)
are fast to compute. The result is an estimated value
M̂n , τ̂n2D , ∀n. Each image yn is corrected for the scale and
offset, being shifted by τ̂n2D and magnified by 1/M̂n . The
corrected image is denoted yncorrect .
D. Updated fine grid and images: Global corrections are
used for a refined pairwise search:
• Search domains are updated:
ˆ , τ
2D
M̄max ← maxn M̄
n
max ← maxn kτ̂n k2 .
N
• Instead of {yn }n=1 , the corrected images {yncorrect }N
n=1
become the input to pairwise correlations (18,19).
Based on this state, step B. Grid search is run again. This
time, the scale and offset domains have become narrower,
with corresponding finer grids. Hence, this time, the obtained set of pairwise parameters is refined and denoted P1 .
Consequently P1 is used in step C, which leads to step D,
and back to B. After several iterations, the process converges to the final scales, offsets and 3D rotations (see Fig. 8
for illustration). In our experiments, we initialized shifts
τ̂n2D as the shift between the image center and center-ofmass. All scales M̂n were initialized to unity.
Computational complexity: traditional SPR comprises
pairwise estimation (complexity c1 ) and global optimization (complexity c2 ). We estimate random scales by coarseto-fine pairwise search down to resolution δM̄ . An image
ensemble with N images has O(N 2 ) pairs.
Hence, the pair-

wise and global complexities are O c1 log(M̄max /δM )
and O(c2 +N 4 ), respectively. In practice, 703 voxels took
4 minutes to recover by 100 projections on a computer detailed in Sec. 6 (SPR took 0.7 mins).

5. Pruning Outliers
The analysis thus far assumed that all projected specimens are of the same class, and their relative transformation

Global Estimation
(Find Vertices)

Figure 8. A diagram illustrating the coarse-to-fine parameter estimation. Pairwise interactions are the graph edges and the global
parameters are the graph vertices.

is only composed of translation, rotation, and scale (similarity). In practice, the microscope view may be polluted by
various specimens belonging to different classes of organisms having widely different morphology. It is undesirable
for these outliers to affect the tomographic recovery of β
or undermine the estimation P for the main ensemble class.
Even intra-class specimens could have morphological transformations that are non-similar. Images of such specimen
are pruned from the data.
There is an indication if at least one image in an imagepair n, m is an outlier. The correlation value


(30)
Σ̂nm = Σnm ψ̂n→m , ψ̂m→n , M̂n→m , τ̂n→m

has a low value, despite using the best mutual transformation on a presumed common line. A common line does
not exist reliably there. For the entire ensemble, define and
affinity matrix A, each of whose element is
Anm = p

Σ̂nm
p
.
Σ̂mm

Σ̂nn

(31)

Note that A is symmetric with 0≤Amn ≤1. Using spectral
techniques [9], the matrix A is used to partition the data
into clusters. In this work we used a normalized cuts [43]
algorithm to prune outliers and extract the main cluster of
similar in-class organisms.

6. Test using Experimental Data Rendering
We use our 3D-POP approach, outlined in previous sections, to recover the Hydra polyp (Fig. 6), which was described in Sec. 3. A comparison to SPR recovery is in Fig. 7.
Recovered scales are shown in Fig. 9
We quantitively analyze recovery errors (Fig. 6). Rotations are estimated up to a global rotation O, thus the rotational error is defined as
XN
1
kRn − OR̂n k2 .
(32)
min
ǫrot =
n=1
N O
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Figure 9. Recovered scales of the Hydra polyp simulation (Fig. 6),
compared to the ground truth scales.
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The scale and density errors are [3]
1
kM − M̂k2 , ǫdens = kβ − β̂k1 /kβk1 . (33)
N
The
resulting
errors
using
3D-POP
were:
ǫrot =2×10−3 , ǫscale =3×10−5 , ǫdens =0.38.
These
errors are much lower than SPR recovery errors, with no
scale estimation, ǫrot =1.96, ǫdens =1.52.
An additional comparison between 3D-POP and SPR
used a synthetic random volume that was created by a fluid
dynamics model [37]. It is shown in Fig. 10. The volume
was projected to 100 random orientations (uniform distribution), each in random scale whose distribution has standard deviation σscale . In Fig. 10(blue plots), ǫrot for SPR
quickly fails in minor scale variance, while our approach
has very small errors, being robust to σscale . We further assess performance degradation due to non-similarity deformations that compound random scales, translations and orientations. The volume is deformed by β(x) → β(x+v[x]),
where v=(v1 , v2 , v3 ) is a random vector field, defined by
ǫscale =

vi = v̂i V L sin [2πxi /(Gi −1) + φi ] , i=1, 2, 3

0.0
0.0

7. Full Microscopy Experimental Recovery
We use 150 images of Pyramimonas Longicauda
(Fig. 2), a microscopic marine plankton, taken from an annotated dataset [46]. Each image corresponds to a different specimen. These in-situ images ln were captured us-

1.0

0.0
0.0

0.5

1.0

1.00
0.95
Affinity matrix A

0.90
0.85

0.80
Similar samples in A are extracted

(34)

where V ∼ U(0, Vmax ), φi ∼ U(−π, π) and v̂=(v̂1 , v̂2 , v̂3 )
is random-sampled on the unit sphere. Here L is the length
of the object, in voxels, and G1 ×G2 ×G3 is the grid size.
In Fig. 10 (red plots), ǫrot of 3D-POP increases moderately
with deformation amplitude Vmax , and much lower than ǫrot
of SPR in un-deformed (only scaled) objects.
Simulations were run run on a 2.50 GHz Intel Xeon, parallelized on 20 CPU cores. The steps of estimating the rotations, scales and shifts (Sections 3,4) had overall runtime of
∼10 minutes. Afterward, the volume density β was recovered in a 150×150×150 voxel domain, at run-time of ∼3
minutes, accelerated by an NVIDIA Tesla K40m GPU. For
the 3D recovery step we used an Algebraic Reconstruction
Technique [14,49].

0.5

Figure 10. [Top] Ground-truth synthetic volume. ǫrot as a function of σscale (red) and Vmax (blue). The maximal σscale =1.6
corresponds to Mmax =6, thus, a scale difference of up to ×36.
[Bottom] Scatter plots for our approach (3D-POP) and SPR.

Distant samples are discarded
Figure 11. The affinity matrix A found for the plankton data described in Sec. 7. Note the shades are inverted relative to Fig. 2,
due to −loge (·). Examples of projections that were found to be
similar to extracted cluster are in yellow and an example of a nonsimilar sample is in red.

ing a submerged instrument [42], in bright-field transmission mode. Hence, each pixel value represents transmissivity. The transmissivity is exponentially related to the optical
density. For consistency with the tomographic linear model,
the images first undergo a log operation, yn =− loge ln , ∀n.
Pruning, described in Sec. 5, is illustrated in Fig. 11. It resulted in a cluster of N =62 images. The image cluster was
used for volumetric recovery. Fig. 12 plots the estimated
rotations and volumetric distribution β.
One of the products of the process is the estimated size of
each specimen. Normalizing the recovered sizes by a mean
cell-size yields a size-distribution of the population. Size
distribution parameters are important in research of underlying biological processes [10]. We compute the mean cell
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Rotations

Volumetric Density

Size Distribution
σ = 0.11
µ = 2.74

[µm]

Figure 12. [Left] The recovered orientations and density distribution of the cluster found in the Pyramimonas Longicauda dataset. The
corresponding projections of the highlighted (red) orientations are shown. Note the shades are inverted relative to Fig. 2, due to −log(·).
[Right] An estimated normalized size-histogram with a fitted log-normal distribution in red.
Re-projections Real Images

data that is utilized for a statistical 3D recovery. A size distribution is obtained, which is of high scientific importance.
Our 3D-POP approach relies on Fourier analysis: it works
under two conditions: (a) a linear or linearized model (b)
line-of-sight integration. The conditions are met in weak
refraction and paraxial propagation.

Reprojections Real Images

Figure 13. In three different cross-validation tests, a 3D volume
is recovered using 61 out of 62 images. The recovered volume is
re-projected onto the left-out estimated orientation, to generate a
synthetic image (bottom row). Each synthetic image is compared
to the left-out input image (top row).
Recovered Volume

Figure 14. Recovery of a Heterocapsa triquetra. [Left] Comparison of real images and re-projections. [Right] Recovered volume.

size as the diameter of the bounding sphere of each specimen. The histogram of the size is shown in Fig. 12, as is the
corresponding fit to a log-normal distribution.
In this experiment, we have no ground-truth. Hence we
perform cross-validation. A single image is left out of the
N =62 ensemble, during tomographic recovery of β. The
estimated β̂ is then reprojected to the estimated orientation
of the left-out image. Fig. 13 shows re-projections and real
images. Fig. 14 shows the re-projections and a recovered
3D density of another specimen from the dataset [46].

8. Discussion
This work derives a framework for a 3D statistical analysis of an ensemble of live organisms, using a single shot per
specimen. Existing single-view imaging systems produce

The approach builds upon SPR, with some differences:
I. Cryo-EM suffers from extremely low SNR (each
molecule is destroyed by small irradiation).
II. Unlike molecules, organisms within the same class exhibit large variations in 3D structure, particularly scale.
III. Live (unfrozen) specimens are difficult to control.
Currently, our approach does not explicitly recover complex shape variations. However, simulations (Sec. 6) and
real data analysis (Sec. 7) indicate recovery robustness. Future work may extend this concept to recovery other morphological variations [26], thus retrieving richer statistics.
Organisms imaged by systems [1,15] in a large volume
of water are typically randomly oriented in 3D. However,
some systems [42] use fluidic flow which aligns organisms
with a high aspect ratio. Rotation about a single axis can
reduce the unknown degrees of freedom.
Our analysis could be valuable for taxonomy and classification. Furthermore, in fields where labeling requires
experts - unsupervised clustering and size-distribution
estimation can improve and expand biological databases.
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Chapter 7

Discussion
7.1

Summary

This thesis presents generalizations to linear tomography in the context of
volumetric imaging of natural phenomena. By leveraging increased computational power and complex algorithms we are able to recover volumetric density
distributions in uncontrolled and random environments such as atmospheric
remote sensing and underwater microscopy.
In chapters 3,4 we lay the foundations for 3D volumetric recovery of
clouds, breaking free from a decades-old paradigm of atmospheric remote
sensing. In contrast to the independent pixel recovery used in operational
remote-sensing, which relies on a plane-parallel image formation model, this
thesis demonstrates how multi-pixel, multi-view, multi-spectral intensity
and polarization measurements can be utilized to fit a 3D radiative transfer
model.
Clouds play a lead role in Earth’s energy budget and water cycle, and
contribute the largest uncertainty to our climate understanding [84] (Fig. 7.1).
Warm shallow clouds contribute greatly to this uncertainty [11] and are
currently an observational gap in remote-sensing. This is partly due to
the low pixel resolution of space-borne instruments and partly due to the
discrepancy between the layered image formation model and these highly
3D heterogeneous media. The cloud tomography, developed in this thesis, is
a potential diagnostic tool that seeks to enable remote-sensing of clouds in
3D. Retrieved 3D volumetric data will help improve the understanding and
parametrization of clouds in global climate models, thus, reducing climate
107

Figure 7.1: Intergovernmental Panel on Climate Change (IPCC, 2007):
Global means radiative forcing. Radiative forcing (RF) is the difference
between (incoming) sunlight energy absorbed by Earth and (outgoing) energy
radiated to space. Positive RF means more incoming than outgoing energy,
thus, a warming effect. Conversely, negative RF produces cooling. The last
column indicates the level of scientific understanding (LOSU). Clouds and
aerosols account for most of the uncertainty in radiative forcing.
prediction uncertainties - a task with global socioeconomically impacts.
Moreover, we believe that this is not the only field where our problem
formulation and solution approach can find use. In many diverse fields, such
as medicine, geophysics, astrophysics, and computer graphics, similar inverse
problems are being considered. We suggest a formulation and an approach
where the multiply-scattered signal is a source of information within the
image formation model. Recently this idea has been considered for X-Ray
imaging [36] and we expect that future work will demonstrate uses in optical
microscopy.
In chapters 6 we develop a self-calibrating volumetric imaging approach
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tailored for in-situ marine monitoring and sensing. Instead of the traditional,
manual collection and fixation of marine samples for laboratory based imaging,
our approach offers an alternative tool for in-situ statistical imaging. This
approach not only can save laboratory time, but also give insights to the
behavior of these organisms in their natural environment. We also believe that
this imaging approach could find use in other applications that are inherently
interested in imaging statistically meaningful features of a population and not
individual samples. This is the case for blood-flow analysis and microscopy
of hydrosols and aerosols.
Lastly, we developed an open-source code [60]. Our python code, based
on the original Fortran SHDOM [27], was developed with the purpose of
accelerating the development pace of 3D remote sensing. We hope it will serve
members of the remote-sensing community and future space-missions [82],
for rapid prototyping and development of novel ideas.

7.2

Future Research Directions

One of the most prominent directions for future research would be transferring
the approach developed in chapters 3,4 to space-borne sensors. Spaceborne
instruments bring their own set of challenges. The main challenges that we
identify are low-resolution and sequential acquisition. Working at a much
coarser pixel scale (275m for MISR) means unresolved cloud variability,
which will result in biased retrievals. This could be mitigated by use of
proper regularization and basis functions suitable for the representation of
turbulent phenomena.
Instead of the rectilinear voxel grid used in chapters 3,4, future work will
look into suitable representations that can capture the fractal-like nature of
clouds (e.g. wavelets [78]) and more sophisticated optimization and regularization schemes [93] (e.g. total-variation, learning based regularization).
Furthermore, a sequential acquisition, such as MISR’s multi-view measurements, means that the cloud volume changes between view points. In
chapters 3,4 this motion was modeled as rigid-body motion which causes
significant artifacts in the retrievals. Resolving the cloud evolution between
views can be done by new distributed multi-view platforms, however, to
draw meaningful conclusions, this will require the collection and analysis of
new data over a long time period. Hence, resolving the inter-frame cloud
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Figure 7.2: Illustration of the planned CloudCT pico-satellites in a cartwheel
formation. Distributed multi-view measurements acquired by the formation
will enable volumetric retrievals of cloud properties. In this thesis computational tomography approaches are developed for the purpose of 3D retrievals
of cloud microphysics and optical densities.
motion computationally would have a huge impact from the ability to analyze
historical data (∼ 20 years worth) that can further our understanding of
clouds physics and their climate feedback.
Recent development and commercialization of small satellites, enables targeted missions to launch at low-costs and accelerated development timelines.
The CloudCT [82] mission, planned to launch at 2022, is a targeted mission
for 3D remote sensing of shallow clouds. A constellation of ten pico-satellites
(Fig. 7.2) in low Earth orbit are designed to preform 3D scattering tomography, as a follow-up to the papers shown in this thesis. This constellation
will be the first of its kind, acquiring distributed multi-view measurements
specifically for the task of retrieving cloud properties in 3D. Future work
should investigate engineering trade-offs to maximize cost-effectiveness of 3D
remote sensing, improve robustness and reliability while minimizing run-time
and complexity.
Chapter 4 uses multi-band information. However, it does not consider
short-wave IR (SWIR) spectral bands (e.g. MODIS’ 3.6µm), which carry
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information through absorption. This information is currently used for
pixel-wise retrievals of effective radii. Future work should incorporate SWIR
spectral bands into the tomographic retrieval and assess and quantify the
information gained from using multi-pixel and even multi-view SWIR measurements.
In chapter 6, we derived a framework for a 3D statistical analysis of an
ensemble of live organisms, using a single shot per specimen. We capitalize
on existing single-view imaging systems for a statistical 3D recovery along
with a size distribution. In this imaging scenario, each image is of a different
specimen at random unknown orientation, scale, and location. Our approach
relies on Fourier analysis which works under two conditions:
(a) Linear or linearized model
(b) Line-of-sight integration
These conditions are met in weak refraction and paraxial propagation. Future
work might seek to extend the approach to situations where assumptions (a)
and (b), described above, fail.
Currently, our approach does not explicitly recover complex shape variations. In chapter 6 we countered the effects of complex shape variations by
automatically removing highly deformed samples from the input data-set.
Future work may extend our approach to recover complex morphological
variations, thus retrieving richer statistics.
The orientation estimation described in chapter 6 assumes randomly
oriented samples. This is the case for imaging systems such as [39, 85].
However, other submersible imaging systems [73] use fluidic flow, which
aligns organisms with a high aspect ratio. Future work can capitalize on the
reduced degrees of freedom to improve the recovery results and efficiency.
Lastly, in marine-biology - a field where manual labeling of data requires
expert notation, we hypothesize that our approach could be valuable for
unsupervised clustering, taxonomy and classification. For that, future work
should expand the imaging framework to support clustering of multiple
organism classes simultaneously.
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דימות נפחי של הסביבה הטבעית

אביעד לויס

דימות נפחי של הסביבה הטבעית

חיבור על מחקר

לשם מילוי חלקי של הדרישות לקבלת התואר
דוקטור לפילוסופיה

אביעד לויס

הוגש לסנט הטכניון – מכון טכנולוגי לישראל
ינואר 2020
חיפה
טבת תש״פ

המחקר נעשה בהנחיית פרופסור יואב שכנר בפקולטה להנדסת חשמל על שם
ויטרבי.

ברצוני להודות למנחה שלי פרופ׳ יואב שכנר על העידוד ,ההנחיה וההדרכה
במהלך לימודי בטכניון למדתי מיואב רבות הן מבחינה אקדמית והן ברמה
אישית .יואב מעורר השראה ביצירתיות שלו וביחסו למדע.
אני מודה לד״ר אנטוני דייויס שהיה עבורי מדריך משמעותי מאוד .במהלך
השנים קיימנו דיונים משמעותיים ולמדתי מהנסיון והידע שלו רבות.
אני רוצה להודות לפרופ׳ רונן טלמון על האוזן הקשבת והעצות הטובות
במהלך הדוקטורט.
אני מודה לחברי ועדת הבוחנים :הפרופ׳ מיכאל אלעד ,אמיר רוזנטל ושי
אבידן על תמיכתם והערותיהם כמו גם הפרופסורים טלי טרייביץ ,אילן קורן
ודניאל רוזנפלד וכלל הפרופסורים וחברי הסגל האחרים שעזרו לי המהלך
לימודי.
אני מודה לחברי המעבדה .בילינו אינספור שעות ביחד ,יום ולילה ,ולא
יכולתי לבקש חברה טובה יותר.
אינני יכול להתחיל להביע את הכרת התודה שישי לי להורי ואחותי על
התמיכה והעידוד לארוך שנות לימודיי הרבות .ההורים שלי תמיד שמו את
החינוך שלנו לפני הכל וסיפקו את התנאים והאהבה כדי שנצליח .בלעדיהם
ההישג הזה לא היה אפשרי.
אני מקדיש את התיזה הזו לאשתי דנה .בלעדיה ההישג אולי היה אפשרי
אך לא היה משנה .דנה ,תודה על התמיכה והסבלנות האינסופית .את
מאתגרת אותי ודוחפת אותי בלי סוף .את מביאה צבע לעולם ומצחיקה אותי
גם בזמנים הקשים ביותר.
לבסוף ,יושי ולילה ,תודה על כך שאתם מכניסים את הכל לפרספקטיבה
באמצעות קשקוש מהיר בזנב.

אני מודה לטכניון ,לקרן ג׳ייקובס־קואלקום ,לפרס ג׳ורי ולקרן ג׳ייקובס על
התמיכה הכספית הנדיבה .במהלך לימודיי קיבלתי תמיכה מהקרן הלאומית
למדע ,הקרן הבינלאומית למדע  ,BSFהקרן הגרמנית־ישראלית למדע  ,GIFכמו
גם ממשרד המדע הטכנולוגיה והחלל .המחקר שהתבצע לצורך כתיבת תזה
זו נעשה בחלקו במרכז אולנדורף מינרבה .מינרבה ממומנת על ידי .BMBF

תקציר
דימות נפחי הוא סוג של בעית שיערוך אשר מנסה לשחזר צפיפות תלת ממדית
של גוף או תווך ,בהסתמך על סט הטלות .דבר זה נעשה באמצעות התאמת
מודל היווצרות תמונה ,או תמונה סינטטית ,לתמונות נרכשות .טומוגרפיית
רנטגן ,למשל ,הינה גישה של דימות נפחי ,הנמצאת בשימוש נרחב בתחום
הרפואה .בתרחיש דימות מסוג זה ,התווך מקובע ומקור הקרינה נשלט.
תרחיש זה מוביל למודל היווצרות תמונה לינארי וידוע .בתזה זו פיתחנו
מספר הכללות למודל הלינארי .הכללות אלו מאפשרות להוציא את הדימות
הנפחי מהמעבדה בכדי לדמות את הסביבה הטבעית .הגישה שלנו היא צילום
חישובי עם מודלים של היווצרות תמונה מורכבים .עקב הגידול בכח המחשוב
וההתקדמות האלגוריתמית ,מודלים אלו ניתנים להיפוך .תזה זו עוסקת
בתרחישים שבהם מקור הקרינה איננו נשלט ,התווך איננו קבוע וההטלות
אינן לינאריות.
הטלות לא לינארות ומקור לא נשלט הנם הקשיים המרכזיים בשחזור תווך
מפזר תלת ממדי כמו האטמוספירה .האטמוספירה מורכבת ממפזרים שונים
כגון עננים ואירוסולים .מפזרים אלו ממלאים תפקיד מכריע במאזן הקרינה
של כדור הארץ .בתזה זו פותחו גישות אלגוריתמיות חדשות במטרה לחוש את
האטמוספריה כפי שהיא ־ תווך תלת ממדי נפחי .לצורך כך ,אנו מנצלים את
קרינת השמש אשר עוברת אינטראקציות רבות עם חלקיקים אטמוספריים
ומתפזרת מספר רב של פעמים בדרך לגלאי .אנו עושים זאת על ידי התאמה
של מדידות במספר זוויות ראיה ואורכי־גל למודל פיזור קרינה .גישת הפתרון
המוצעת כאן עשויה להיות שימושית בתחומי מחקר אחרים מלבד מדעי
האטמוספריה ,כגון ראיה ממוחשבת ,גרפיקה והדמיה רפואית.
במסגרת העבודה הנוכחית יבחן גם העולם הימי ,לצורך פיתוח טכנולוגיה
לצילום נפחי של פלנקטון .הגישה שננקטה היא קליברציה עצמית של גופי נפח
שקופים .גישה זו מאפשרת לחלץ נתונים סטטיסטים חשובים כגון התפלגות
א

הגדלים של הפלנקטון במקביל לשחזור הנפחי .אנו מכלילים את השחזור
הטמוגרפי הלינארי ,לכלול את כל דרגות החופש של טרנספורמציית דמיון
ושומרים על עומס חישבי נמוך המאפשר להגיע לשחזורים באיכות טובה ובזמן
סביר.
פרק  2מספק רקע תיאורטי רלוונטי.
פרק  3עוסק בפיתוח הרקע והמודל המתמטי והחישובי לדימות נפחי של תווך
מפזר .התווך הינו האטמוספירה המורכבת מטיפות מים ומולקולות אויר.
התמונה נוצרת באמצעות מודל מעבר קרינה .הקושי המרכזי ,היפוך המודל
המורכב ,נפתר באמצעות גישה איטרטיבית אשר מפרקת את המודל לשני
חלקים .גישה זו מאפשרת לראשונה להפוך את מודל התמונה הנ״ל תוך
שימוש באור שעובר אינטרקציות מרובות עם התווך .התוצר של ההיפוך הינו
מפת צפיפויות תלת־ממדית נפחית .פרק זה מדגים שחזור נפחי של צפיפויות
אופטיות עבור עננים סינטטיים .עננים אלו יוצרו באמצעות סימולציות של
דינמיקת זורמים ואפשרו בחינה של גישת השחזור בסיטואציה ריאליסטית,
אשר הינה תחת שליטה .כמו כן ניתנת הדגמה של שחזור עננים אמיתיים
באמצעות תמונות שנרכשו בטיסה מעל האוקיינוס השקט.
פרק  4מכליל את מודל יצירת התמונה לצורך שיערוך מאפיינים מיקרו־
פיסיקלים של עננים תוך שימוש במספר אורכי גל וזוויות צילום שונות .תכונות
מיקרו־פיסיקליות אלו מאפיינות את התהליכים הפיסיקליים ,הכימיים ואפילו
הביולוגיים בתווך .היכולת לשערך תכונות אלו בתלת־ממד הינה מטרה
בעלת חשיבות מדעית גדולה ,לצורך הבנת הפיסיקה של עננים ושיפור יכולות
התחזית של מודלים אקלימיים.
פרק  5מתאר עבודה שטרם פורסמה .בעבודה זו נעשה שימוש בתכונה
וקטורית של קרינת האור :קיטוב .בשנים האחרונות ישנו עניין רב במדידת
הקיטוב של קרינה אשר מתפזרת על־ידי מפזרים אטמוספריים .העניין הרב
בא לידי ביטוי בכמות המשימות והחיישנים המודדים קיטוב ובפיתוח מודלים
תלת־ממדים ליצירת תמונה וקטורית .קרינה אלקטרו־מגנטית ,לא מקוטבת,
המגיעה מהשמש ,פוגשת חלקיקים אטמוספריים ,כמו אירוסולים ,טיפות מים
או מולקולות אויר .הקרינה המתפזרת משנה את כיוון ועוצמת הקיטוב
בהתאם לגודל וסוג החלקיק המפזר .על כן ,מצב הקיטוב של הקרינה מכיל
מידע חיוני על התפלגות גודל החלקיקים אותם אנו מנסים לשערך .בפרק זה
מוצגת עבודה אשר לראשונה מתאימה מודל מעבר קרינה מקוטב ,תלת־ממדי,
למדידות סינטטיות.
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בפרק  6מנוסחת בעיית שחזור סטטיסטי של דגימות אקראיות עם צורה,
אוריינטציה ,וגודל לא יודע .בפרק זה ההטלות הינן לינאריות אך מטריצת
ההטלה איננה ידועה .מודל זה בא לידי ביטוי בדימות נפחי של פלנקטון על
ידי מיקרוסקופ ימי .בתרחיש דימות זה ,ענן פלנקטון עובר דרך המיקרוסקופ
התת־ימי כאשר כל דגימה עוברת דימות פעם אחת עם אוריינטציה וסקאלה
אקראית ולא ידועה .נעשה שימוש בדמיון תלת־ממדי בין דגימות לצורך
שיערוך האוריינטציות והסקאלות ושחזור תלת ממדי נפחי.
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